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^ ! Abstract 

<D , 

Q ■ We present a mathematically rigorous quantum-mechanical treatment of a two- 

. dimensional nonrelativistic quantum dual theories (with oscillator and Coulomb like 

| potentials) on pseudosphere and compare their spectra and the sets of eigenfunctions. 

(_,■ We construct all self-adjoint Schrodinger operators for these theories and represent 

. rigorous solutions of the corresponding spectral problems. Solving the first part of the 

problem, we use a method of specifying s.a. extensions by (asymptotic) s.a. boundary 
' conditions. Solving spectral problems, we follow the Krein's method of guiding func- 

tionals. We show, that there is one to one correspondence between the spectral points 

of dual theories in the planes energy-coupling constants not only for discrete, but also 

for continuous spectra. 

<N : 

> ; 

; 1 Introduction 

ON \ 

It is well known PQ, that if one introduces in a radial part of the D dimensional oscillator 
<N ; (D> 2) 

~\ ** + g^- ^ + f-*> fi+ %( fi -g^U = o (!.!) 

> , du 2 u du u 2 n 2 \ 2 / 

•l-H , 

^ ■ (here R is the radial part of the wave function for the D dimensional oscillator (D > 2) and 
L = 0, 1,2, ... are the eigenvalues of the global angular momentum ) r = u 2 then equation 
(11.11) transforms into 



dr 2 r dr r 2 h 2 \ r 

2 

where d = D/2 + 1 I = L/2 £ = a = E/A, which formally is identical to the radial 

equation for <i-dimensional hydrogen atom. 

Equations (11.11) and (ll.2p are dual to each other and the duality transformation is r = u 2 . 
For discreet spectrum of these equations (and wave fuctions regular at the origin) it was 
proved, that to each state of equation (11. ip corresponds a state in (II. 2p . and visa versa [21 E]. 
However the correspondence of the states in general (for discrete, as well as continuous 
spectra and for all values of the parameters of the theory) the problems was not considered. 
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In [1] we constructed all self-adjoint Schrodinger operators for nonrelativistic one-dimen- 
sional quantum dual theories and represented rigorous solutions of the corresponding spectral 
problems. We have shown that there is one to one correspondence between the spectra of 
dual theories for discreet , as well as continuous spectra. 

In this paper will solve the quantum problem of two dimensional quantum dual theories 
(with oscillator and Coulomb like potentials ) on pseudosphere and compare their spectra and 
the sets of eigenfunctions. As it was in one dimensional case, we again have a correspondence 
of the states for all values of the parameters E Q , A, E c , and g, except when the angular 
momentum m — 1, when the duality is one-to-one only in the case of parameter of s.a. 
extension ( = n/2 (see below in coulomb case). The interest to these models was stimulated 
also by the fact that among the theorists dealing with similar problems exists a notion, that 
the "Hamiltonian isn't self adjoit at high energies" [5]. In section 2 we will consider the 
quantum problem for the oscillator, will find solutions of the equation for all values of the 
variable and parameters. In Section 3 we will consider the quantum problem for Coulomb- 
like system. The results will be compared in section 4, where we will show the one-to one 
correspondense of the spectra and proper functions of the Hamiltonians of both problems. 

2 Quantum two-dimentional oscillator-like interaction 
on pseudosphere 

2.1 Preliminaries 

Here, we consider the QM of a paticle moving on pseudosphere (two-sheet hyperboloid) in 
an "oscillator" potential. We describe the pseudosphere by the coordinates u = {m 1 ,^ 2 } of 
its stereographic projection on the plane, such that the coordinate s = {s 1 ^ 2 ,^ 3 } of the 
ambient space, (s 3 ) 2 - (s 1 ) 2 - (s 2 ) 2 = R 2 are 

l 2R 2 u 1 2 2R 2 u 2 3 R 2 + r 2 , — _ 



where R is a radius of the pseudosphere. The disc r < R describes the upper sheet s 3 > R, the 
exterior of the disc r > R describes the lower sheet s 3 < —R. There is an useful one-to-one 
map P, P 2 = 1, of the interior of disc onto the exterior of disc and inversely: 



Pu = u P = {u P ,u 2 P } = ^ u \^u 2 Y 



R2 r>2 
Tp = , P U = U, 

r 



We will call this map by the parity transformation and the operator P by the parity operator. 
Note that P-transformation commutes with the rotation of w-plane around origin. 

The metric ^(u), the invariant volume element dA(u), and the Beltrami-Laplace oper- 
ator Abl{ u ) have the following form in the coordinates u: 

^>4 1^2 _ r 2\2 ^>4 

9jkH = (fl2_ r 2) 2 fy" 9' k H = ^4 ^ fe ' V^M = (jR 2_ r 2)2 ' 

i? 4 (R 2 — r 2 ) 2 
rfA ( u ) = (#2 _ r 2)2 ^ M ' a bl(u) = — A(u), A(u) = d uk d uk} j,k = 1,2. 
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The wave functions ^(u) of the QM-problem under consideration belong to the Hilbert space 
f) = L\(R 2 ) with the scalar product 

(*i,* 2 )= / *i(u)* 2 (u)dA(u), V*i,* 2 G 

and the s.a. Hamiltonians are associated with a differential operation H, 

Ma - IV 2 R 4 
H = H(u) = -A flL (u) + V(u), V(u) = ( ^ + r J 2)2 , Q = 

where V(u) is an "oscillator" potential and q is a coupling constant (A is a coupling constant 
in the plane limit R — > oo) . We note that the introduced invariant volume element, the 
Beltrami-Laplace operator, "oscillator" potential, differential operation and scalar product 
are invariant under parity transformation: 

PrfA(u) = rfA(up) = dA(u), PA BL (u)P = A BL (u P ) = A BL (u), 

PV(u) = V(u P ) = V(u), PH(u)P = H(u P ) = H(u), (* 1P , ^ 2P ) = tt 2 ) , 

where \& P (u) = P^f(u) = \l/(u P ). Furthermore, a relation holds: 



L 



* 1 (u < )* 2 (u < )dA(u < ) = / tfi(u>)tf 2 (u>)dA(u>), 



'r < <R Jr > >R 

where u< = Pu>, ^ fc (u<) = ^ fcP (u>) = $ fc (Pu>). 
2.1.1 Polar coordinates r, (p 

Rewrite the above introduced quantities in the polar coordinates r, ip, u 1 = rcosip, u 2 
r sin ip. We have: 

R A r 

dA(u) = dw(r)dip, du{r) = — - ^ dr, 

(R2 2\2 4(rj-lV 2 

H = -A BLr - A BW + V(r), A BW = 1 p4 - ) d 2 V(r) = ; ' 



(i?2 _ r 2)2 X 

A PLr = — A r , A r = -d r rd r , 

R^ r 



*(u) = J] A m (u), A m (u) = -±=e im *tf m (r), 
me z v2tt 

/•oo 

(Ai mi , A 2m2 ) (A lmi A 2mi ), (A lm ,A 2m )= / # lm (r)^ 2m (r)ciu;(r) 

./o 

H*(u) = V] -±=e m *H m m m {r), H m = -A BLr + ^^'p 2 + y{r y 
~ V27T R r 



m 2 (R 2 — r 

meZ 

Represent ^ m (r) in the form 



\R 2 -r 2 \ 
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Then we have 



poo 

(Ai m , A 2m ) = (ipi m ,ip2m) = / ^im(r)iJ 2m (r)dr, 

Jo 

|P 2 -r 2 U 
H m ^ m (r) = R2 ^_ h m ip m (r), 



'I'm t-,o r,n m 

Hr — r z yjr 

_ . sa 10P 2 r 2 -9r 4 -P 4 + 4m 2 (P 2 -r 2 ) 2 . . (P 2 - r 2 ) 2 

= -9 rPo (r)9 r + 5= '- + V(r), po(r) = ^ 4 . (2.1) 

2.1.2 P-transformation 

In the polar coordinates, we have 

P 2 „ 

Pr = r P = — , Pip — ipp — <f. 
r 

^ R 2 r 2 d r dr drp r R 2 dr dr 

Prd r = r P d rp = — = -rd r , P— = = - — — 5- = , 

r R z r rp R z r z r 

(R 2 ±r 2 ) 2 

I±(r) = { R4r2 ) , PI±(r) = I ± (r P ) = I ± (r), 

dwir) = — — -. — r — , Pdu(r) = du(r), tZA(u) = — — - — dip, PdA(u) = dA(u), 
I-(r) r l-\ r ) r 

A BLr = ^I-(r)(rd r ) 2 , PA BLr (r) = A BLr (r P ) = A BLr (r), 

A B l^ = I-(r)d*, PA Bi ,(u) = A BL ^(u P ) = A BL ^(u), 

v{r) = p^f PV(r) = v(rp) = v(r) ' 

PH(u)P = H(u P ) = H(u), PH m (r)P = H m (r P ) = H m (r). 
Operator P acts on the radial wave finctions by the following way (subscript "m" is omitted), 

Ptf(r) = *(r P (r)) = ^(P 2 / r )- 
It is convenient to introduce some notation: 

r={p,(}, 0<(<R, R<p<<x, 

p 2 p 2 

P p£, P £,pP = Pp&P = P p£,-T = — = Pi P Hp P p^ = £> 

? Pp 

= ^(^1, ^(p) = ^WO, #(0 = ( H> ip) #<° (0 ) , 

P*(r) = * P (r) = ^ j =► = = 

= ^(^70 = =^ p = ( p? p P *)> 
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where \l/p (p) = (\&p) > (p) and so forth. 
Checking: 



H(r) = PH(r)P = ( P * 6< ® P *> ^° ^ 
V P, p H>(p)P p J 

= H{r P ) = H(r). 



H<(p P ) 
H>(&) 



Turn out to the "/i-space" . We have 



|/?2 21 |E>2_ r 2| I C»2 _ 2 1 



li? 2 - r 2 l - - i? r 



P = —P = -4rp = p— 



r R~ ' R ' V f Pa P 
%P*\_( PA 



i? r 3 / 2 - , R(R 2 -r 2 ) r Jf ~ , . P 2 - r 2 



^(0 = P ^ > W = ^ > (60- 

*(r) = • ( ^ ^ ) , h>(p) = ^<( PP )t *<(fl = ^> (e p)i, (2.3) 
two last equalities follow from eq. i \2.2L 

^(P)^(P) = -^ < (PP)^^ < (P^) = -h^PPmpp) = -P P ih<(0^(0, (2-4) 
r p R R p p 

- J^<(£) = =► [£>(p) - W]^(p) = (2.5) 
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2.1.3 Some relations 



Any functions A m (u) = -^=e mtpu ^ m (r) can be represented in the form 
A m (u) = -L e ^* m , + (r) + -i = e iw ^* ro ._(r), 

V27T V27T 



1 



*>,<(p) = ^ K(p) + C*<(Pp)] = Wm,c(0 = C^<,C(PP)- 



As a consequence, we have 



A,„(u) = -^e 



imtfiu 



\R 2 - r 2 



\R 2 - r 2 



1 . ID2 

_|_ c imtp u 



2tt 



R 2 Vr V27T 
|i? 2 -r 2 | . , , T , , \R 2 -r 2 



V>< c(0 ) ' " 2 



R 2 ^ 

VV<( r )> 



' * /*> = ^ |op) + c§^<(pp)1 = c^|^, f (0 = 



•it: 



-Pp 



= <(Pp) = C^(P), P^(r) = Wmxir). 

Below we omit the subscript for the lower component of functions ^ m ^(r) and 
Vv<( r ); that is > 

*m, C (r) = ( ) , C (p) = C*<(Pp), 

= ( ^ } ) , ^, c (p) = Cf ^c(pp), 

Let ft,(r)V>m,c( r ) = 4>h,m,t(r)- Then we have 



(2.6) 



Note the relation (£ is fixed) 

|^(r)| 2 rfr = 2 f R \4><(r)\ 2 dr, 
Jo 



Let 



/ V'lm,c(0^( r )V'2m,c(0 dr = 2 / i ) fm{ r ) h { r )^2m{ r ) dr - 
JO JO 

^(»(r) = 



^>(p) 




, V (<) (0 
6 







Then: 

P^\r) = ( ^ j) , /Y (<) (r) = ( ^ Q (P) 



R JR P 



M 2 



2 /"R 



^(pp)^(p P )d— = ^<(p P )^<(p P )d PP = ^(ov^m, 

H P JO JO 



R. 



JR 
oo />oo 



il) 1 p{r)ip 2 p{r)dr = / ipi(r)ip 2 (r)dr. 
Jo 

2.2 Reduction to radial problem 

In the case under consideration, the Hilbert space .f) is a direct orthogonal sum of subspaces 
-$3 m ,£, that are the eigenspaces of the rotation operator C/5 and the parity operator P, 

mez,C=± 

where # is the rotation angle corresponding to S, and P m ^ is an orthohonal projector on 
subspace Sj m ^. $) m ,( consists of eigenfunctions \l/ m ^(u) of angular momentum operator 
L z = -ihd/d(p u and parity operator P, * m ,c( u ) = -^e imy " ^r?^ VVc( r ); where 

and il> m ,c( r ) e ^)m,c = £ 2 (^+)> f)m,c ^ s the Hilbert space of s.-integrable functions on the 
semi- axis M + with scalar product 



(/i,/ 2 >= / fx(r)h(r)dr. 
Jr+ 

We define an initial symmetric operator associated with H as follows: 

D# = (V>(u) : V e ^(^ 2 \{r = i?})} 



# : 



where £>(R 2 \{r = i?}) is the space of smooth and compactly supported functions vanishing 
in a neighborhood of origin and of the circle r = R. The domain Dh is dense in and the 
symmetricity of H is obvious. It is also obvious that the operator H commute^ with the 
unitary operators Us and the s.a. operator P, 

H — H m £, H m ,C — P-m^H, P > H mX = Pm,(;P > H, 

mez„c=± 



1 We remind the reader of the notion of commutativity in this case (where one of the operators, Us or P, 
is bounded and defined everywhere): we say that the operators H and Us commute if UsH C HUs, i.e., if 
ijj € Dh, then also Usip € Djj and UsHtp — HUs^p, and analogously for P. 
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HV m>c {u) = # m , c ^ m , c (u) = H m y mtC {u) 
=ervu \ l h m ^ mX (r), 



where h m ^ is a symmetric operator defined in the Hilbert space t) m £ = L 2- ^(IR + ), L 2 -">(R + ) = 
P C L 2 (M + ), P c = (l + CP)/2: 

the differential operation /i m is given by eq. and P C (R + \{P}) = P ( D(R+\{i2}). 

In what follows, the s.a. operators / which commute with the operators Us and P, we 
will call rotationally- and parity- invariant. Such operators can be represented in the form 

/ = ^ ^ /m,C> /m,C = P"m,C,f i 
mez„c=± 

and are s.a. operators in sufspaces S) m> ^. 

Let /i e m,c * s a s.a.operator associated with the differential operation h m in the Hilbert 
space t) m ,c- Then the operator H em ^, 

1 \R 2 -r 2 \~ 

#em,C* m ,c( U ) = -=e tmy) " ' KmXfpmX (0 > V>m,C ( r ) ^ D h (2.8) 



^ P 2 v^ 

is a s.a. operator associated with H m in the Hilbert space Sj m ^ and operator if c , 

mez,C=± 

IS cL S.cL. operator in the Hilbert space .fj. 

Conversely, let H c be a rotationally- and parity-invariant s.a. extension of H . Then it has 
the form (12.91) . where H C m,( are s.a. operators in Sj m ^. The operator H cm ,c ac ts i n subspace 
#m,c by the rule ( 12. 8ft with some operator h tm ^ which is obviously a s.a. operator associated 
with the symmetric operator h m ^ in the Hilbert space f) m ,c- 

In what follows, we restrict ourselves to the consideration of the s.a. operators H e which 
are the rotationally- and parity-invariant s.a. extension of H. As it was explained above, 
this means that H e has a structure of eq. (I2.9p . acts by the rule (12.81) and h cm ^ is an s.a. 
extension of the symmetric operator h m . 

Thus, the problem of constructing a rotationally-invariant s.a. Hamiltonian H t is reduced 
to constructing s.a. radial Hamiltonians h cm ^. 

2.3 \m\ > 1 

2.3.1 Useful solutions, r < R 

We need solutions of an equation 

(h Om -W o )^ m (r) = 0, (2.10) 
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where h m is given by eq. (12. ip and Wo = W is complex energy, 

W = \W\e i{pw , 0<<p w <7r } ImW > 0. 
It is convenient for our aims first to consider solutions more general equation 

Ch m,6 ~ W )lpm,s{ r ) = °> hom,5 = h m>S = h m \ = (2.11) 



r - R 2 — r 2 



H m,s 1=—, H m , 5 - H m \ \5\ < 1; 



(H m .s - W)* m , s = 0. t> m>5 (r) = C^r). (2.12) 

Introduce a new variable x, 

AR 2 r 2 „ 1 - v 7 !^ 



, r = i? — , rd r = 2x\/l — xd x , 



(i? 2 + r 2 ) 2 ' y/x~ 



i? 2 + H = 2R Z , R - r = 2R 

X X 

_ 4(q-l)r 2 _ (q-l)x {R 2 - r 2 ) 2 _ 4(1 - x) 

V \ r > ~ (i?2 + r 2)2 - - £2 ' i?4 r 2 - ^ 

. (it! 2 - r 2 ) 2 1 a 16(1- a;) 3 / 2 

Ablt = =7 <9 r r<9 r = — o x xVl - xd x 

R7 r R z 



x) 



and new function </>^ v s( x )i 



//a = ^|m + <y|, v = ^y/q-w, w = R 2 W, = ±1, 



and y/q — w is understood as the principal value, real q is understood as the limit Img — > — 0. 
Note that Re v > 0. Im v < for Im W > 0. 
Then we obtain 

[x{l - x)d 2 x + (7^ - (1 + a^s + 0c^s)x)d x - a^sP^s](p^Ax) = 0, (2.13) 
a H^s = 1/2 + Znfis + ivV + <t, P^„s = 1/2 + tpHs + i v v - a, 

7^ = 1 + 2^, a = ( ?V^« « ^ 
Eq. ( 12. 131) is the equation for hypergeometric functions, in the terms of which we can 
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express solutions of eq. ( 12. lip . We will use the following solutions: 

= Qi, m , S (W)0< m;S (r; W) + Q w (W)<,(r; W) = 
= Ot m /r;W)\^ a = 0< mt5 {r-W)\^_ v , 

Qi, m ,s( w ) = T ^L 2 t Q^s(w) = = g w WI 



T(a 45 )T(f3 45 ) ' " * * v ' T(a 15 )T((3 
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1 0< m , 5 (r; W)\^ 5 = 0< m>s (r; W)\ m = 0< m>s (r; W)\ 



r(7: 



2d" J 



fa W) = (1 - xy^T(a 15 , ft,; 73 ; 1 - x), 

<*fa WO = - ^) 1/4 -^(«4 <5 , (3,s; 74; 1 - x) = 0<(r; W)\ 



oi-i5,28 = 1/2 ± Us + f + er, /3 1<5j2 5 = 1/2 ± /x 5 + f - a, 
a 4(S = 1/2 + - z/ + a, /3 4S = 1/2 + ^ - v - a, 

7l<5,25 = l±2/JL S , 73,4 = 1 ± 2za 

Note that Of m5 (r; and 0^ m(5 (r; are real-entire in W solutions of eq. (12. lip . 
Represent 0^ m s in the form 

0^ m>s (r; W) = B m!S (W)0< m>s (r; W) + Q W (W)0< m)5 (r; W), 
C^fa WO = T( 725 ) [0< miS (r; W) - A miS (W)0< mtS (r; W)] , 



r(a u )rC9 w )' m - ov y r(a 2 )r(/3 2 )r( 7l(5 ) 
r (w) r ^)r(-2/i.) r( 7 3)r(2/i,)r(7 2 ,) 
B,m(W) " + WW AmAW) 



r( 73 )r(-2^ 
r(a 2 )r(/? 2 ) 



r(a 2 )r(/? 2 ) r( ai )r(/?i) 



T(a 25 )T(p 25 ) T(a ls )T(p ls ) 



a li2 = 1/2 ± jj, + u + a, /3 1>2 = V 2 ± pi + v — cr, pi — \m\/2, 
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where we used eq.9. 131.2 in [B]. The function A m ^(W) can be represented in the form 

A m>s {W) = — *Am(W), 
1 [lis) 

1 ( (^-^/p^a 2 )/^-^^), \m\=2p-l 
r(7 W ) 1 J p (^,o- 2 )J p (-^(7 2 ), |m| = 2p 

p-i 



p = 1, 2, JiOz) = 1, I p (z, a 2 ) = H [(k + zf - a 2 ] , p > 2, 

fe=l 

p-i 

^pW=n^+ i /2+^) 2 -a 2 ] ! 



fc=0 

i.e., A m>( 5(W / ) is a polynomial in W 7 with real coefficients, and, therefore, Of mS (r;W) is 
real-entire in W. 

We obtain the solution of eq. fl2.10p as the limit 8 — > of the solution of eq. (12.111) : 

0< m (r; W) = O< m)0 (r; W) = - ^) 1/4+ ^(«i, ft; 7i5 *) = 

(for = lmiy>0) = Qi(W0O< m (r; WO + Q 2 (W)v<(r; W), 7l = 1 + 2/i, 

gi W = OidW = ™=?£ q 2 w = g 20 (wo - r(7l)r(2zy) 



r(« 4 )r(ft) ' ' ^ ' r( ai )r(ft) 

Of m (r;W) = limO< (r;W), 



<{r; W) = v<(r; W) = J^U^l - x) 1 / 4 "^(a 4 , ft; 74 ; 1 - *) 



i? 2 -r~ 



5->0 



= 5 m (^)0< m (r; WO + C m (W/)0< m (r; W), C m (W) = 

B m {W) = B m>0 (W) = [^(aa) + V(« 2 ) + ^(ft) + 

where we used relations. 



\m + 5\ = \m\ + 5 m , 5 m = 5signm, T(-\m + 8\) , 

r(7i) <v, 

0< (r-W)- r ^) r ^) Q< ( r . W ) 

^W, - r(a 2 )r(ft)r( Tl ) x - mi ' j 

r(ai) , U s r(q 2 ) 1 

^7 r = 1 - 7i S mW[ai), — r = 1 + -d m ip(a 2 ), 

T(a ltS ) 2 T(a 2t s) 2 

r(ft) 1 u l(R , r(ft) i 



r(ft )5 ) 2 mr ^' r(ft i5 ) 2 

Note that Of m (r; W 7 ) and Of m (r; W) are real-entire in W 
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2.3.2 Asymptotics, r — > (x — > 0) 

We have 

4r 2 



x = + 0(r2)) ' Po(r) = 1 + 0(r2) ' 

^(r;^) = (2/ J R)H r i/2 + M (1 + 0(r 2 ))) 



3,mV ' ; r(a 1 )r(/3 1 ) v ' ; VI C(r 2 lnr), |m| = 1 

ImW > or W = 0. 



2.3.3 Asymptotics, A = i? - r ^ (8 = 1 - ac -»> 0) 

We have 

5 = ^(1 + 0(A)), Po (r) = ^(1 + 0(A)), 
Ojjr; W) = iR^A-^il + 0(A)), 



Im W > or W = 0. 

2.3.4 Wronskian 

The Wronskian Wr(Z7, V) of two functions £/(r) and V(r) is equal to 

Wr(C/, V) = p (r)[U(r)d r V(r) - V(r)d r U(r)}. 

We have 

Wr(o< m ,o< m ) = -a ^jrjf) = -^(w) = -2\™\c m {w). 

2.3.5 Useful solutions, r > R 

We need solutions of eq. (12. 10p for r > R. As two independent solutions, we choose the 
following functions: 

0> m (r; WO = jO< m (R 2 /r; W), (2.14) 
= jO< m (R 2 /r; W) (2.15) 
According to eq. (I2.5p . the functions (I2.14p and (I2.15P satisfy really eq. ( I2.10p for r > R. 

12 



2.3.6 Asymptotics, A = r - R -> 

We have 







> m (r; W) = I^-^ A -i/^(i + 0(A)), A = R - 



Im W > or W = 0. 



2.3.7 Asymptotics, r — > oo 

We have 



0> m (r; W) = 2H jR 2 + | m | r -3/2-H( 1 + 0(r- 2 )), 



3,mV ' ; r(o! 1 )r(/3 1 ) V \ 0(r- 2 lnr), |m| = 1 y ' 

Im W > or W = 0. 

We see that eq. ( 12.101) has no s.-integrable silutions for Im W > 0. This means that the 
deficiency indices of the symmetric operator (see below) are equal to (0,0). 

2.3.8 Symmetric operator h m ^ 

For given a differential operation h m , the symmetric operator h m ^ is given by eq. 12.71 

2.3.9 Isometry 

We remind that the functions if) m ,t{ r ) £ f)m,c = -^ 2 (^+) have the structure, see eqs. (12.61) . 
(1231) and flU, 

Vw(r) = ( ) , <c(p) = Cf ^(pp) = c^|^(e), 



Ur)Mr) = Ur^(r)=(|^ 



^<(0€2>(O,J2). 



Let us untroduce an isometric map T (£ is fixed), 

G W = ^(^4-) £ VW0 = V^<(fl G (£ /2) = L 2 (0, i?), 
D hmX = V C (R + \{R}) £ £> (1/a > = P(0,i2) 
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Let ft^^ be an s.a. extension of the symmetric operator hm . Then the corresponding 
s.a. operator H m ^, an s - a - extension of symmetric operator H m ^, can be reconstructed by 
the rule (12.81) with h em ^ be given by the expression (see eq. (12.31) ). 

h lr) f ^m,c(^) \ /> ( n \- R hW(n\ P 

WW ~ \ q ^V2)^) 1 ' W^ ~ "'W^^fl- 

Pass to the construction of s.a. operators h^J^ which are s.a. extensions of the symmetric 
operators = h m ^) associated with the differential operations h m {^) m the Hilbert 

space t)<if = L 2 (0,R). 

2.3.10 Adjoint operator h m = h m 



We will omit the superscript (1/2). and will write r for £, < r < R. 

It is easy to prove by standard way that the adjoint operator /i+ coincides with the 
operator h m , 

h+ . i D ht = D* h jO,R) = fok, V£ are a.c. in (0,R), ^,h+^ G L 2 (0, it!)} 
fe^M = h m ip*(r), VV>* G ^ 

2.3.11 Asymptotics 

Because ^ m ^» G L 2 (0,i?), we have 

hmM r ) = v(r), V e L 2 (0,R), 
and we can represent ^* in the form 

V.(r) = ciOj ro (r; 0) + c 2 3 < m (r; 0) + 7(r), 
#(r) = Cl a r O< (r; 0) + c 2 «9 r 3 < (r; 0) + J'(r), 



where 



Of m (r:0) f R ^ Oo< (r;0) r „ 



p( , d r O< m (r;0) /* d r O< m (r;0) r 

1 v> = 7K\ — / °tm{y^my)dy + ^ — / Of (y;0)r](y)dy. 

I) r — >• 

We obtain with the help of the Cauchy-Bunyakovskii inequality (CB-inequality): 
f 0(r 3 / 2 ), \m\ > 2 # , * f O^ 1 / 2 ), Iml > 2 



0(r 3 / 2 vlnr), |m| = 1 ' v ; \ 0(rV 2 Vlnr), |m| = 1 
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such that we have 

VI U[r inr), \m\ = 1 

r o(r 3 / 2 ), h > 2 H r(73)r(2^) 
+ 1 0(r^yhT7), H = i > c r(c*i)r(/3i)" 

The condition G £ 2 (0, i?) gives C2 = 0, such that we find finally 

f 0{r 3 / 2 ), \m\>2 i>(\_f 0(r^ 2 ), \m\ > 2 

~ \ 0(r 3 / 2 Vln7), \m\ = 1 ' ^ ~ \ 0(rV 2 Vln7), \m\ = 1 ' 

[V>*,X*]o = 0, W>*,X*G . (2.16) 
II) r ->■ i2 

In this case, we prove that [ip*,x*] R = 0' W^jX* e ^V 1- - Indeed, consider the Hilbert 
space f) Cim = L 2 (c, R), c is an interior point of the interval (0, R). and an symmetric operator 
h c ,m, Dh c m = V(c, R), acting as h m . We choose the functions Of m {r; W) and 0^ m (r; W) as 
the independent solutions of eq. (I2.10p for Im W > 0. The left end c of the interval (0, R) is 
regular and both solutions Of m and Of m are s.-interable on the end c. The right end R is 
singular. On the right end R, the solution Of m is s.-integrable, but Of m is not. Thus, there 
is only one s. integrable solution of eq. (12.101) on the interval (c, R) for Im W > and the 
deficient indexes of the symmetric operator h Ctm are equal to (1, 1). In this case, according 
to [[7], Lemma on the page 213], we have [i/j*,X*\ R — 0, Vy>*,X* G D h + . Because the 
restriction ib c * on the interval (c, R) of any function ib* G IX + belongs to D h + , i/u G -D,,+ . 
VV>* G -0^+ , we obtain that [ip*, x*] R = 0, V-0*, X* G -D^+ . 



2.3.12 Self-adjoint hamiltonian /? 



Because ^*) = A fe + (^*) = (and also because 0^ m (r; W 7 ) and 0^ r (tt; W) and any 

their linear combinations are not s.-integrable on the interval (0, R) for ImVT ^ 0), the 
deficiency indices of initial symmetric operator h m are zero, which means that h tm ^ = h tm = 
is a unique s.a. extension of the initial symmetric operator h m : 



D Km = Dl (0,R) 

m 

h em ip*(r) = h m ip*(r), VY>* G D hm 



2.3.13 The guiding functional W) 

As a guiding functional ( see [SI [7])$(^; W) we choose 

mW)= [ R O< m (r;W)Z(r)dr,teB = D r (0,R)nD hcm . (2.17) 
Jo 

D r {0,R) = {£(«) : supp£ C [0,/3 € ], ft < fl}. 

The guiding functional $(£; W) is simple. It has, obviously, the properties 1) and 3) and 
we should prove the properties 2) only, (see [TJ, pages 245-246). Let $(£o; Eq) = 0, (o 6 D, 
i^o G R. As a solution ^(r) of equation 

(/i m - W(r) = £ (r), 
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we choose 



Hr) = 0< m (r; E ) J U(r)£ (r)dr + U(r) jf 0< m (r; E )£ (r)dr, 

where U (r) is any solution of eq. (h m — E )U(r) = satisfying the condition Wr(Of m , U) = 
— 1. Because £o G D r , the function if)(r) is well determined. Because £o G D r and 
JT 0^ m (r; Eq)^q{t) = for r > /3^ , we have -?/>( r ) = for u > Using the CB-inequality 
we show that ip{r) satisfies the boundary condition (12.161) . that is, tj) G D. Thus, the guiding 
functional $(£; W) is simple and the spectrum of h tm is simple. 

2.3.14 Green function G m (r, y; W), spectral function a m (E) 

We find the Green function G m (r,y; W) as the kernel of the integral representation 

Hr) = / G m {r, y; W) V (y)dy, V G L 2 (0, R), 



of unique solution of an equation 

(htm ~ W)i)(r) = r](r), Im W > 0, (2.18) 
for ^ G Dh cm - General solution of eq. ( 12 . 1 8[) can be represented in the form 
1>(r) = aiOjJr; W) + a 3 3 < m (r; W) + J(r), 

J (0 - ' /x a / o£m(y;W0q(y)<fr+ ' L / o< (y; wo^)^, 



J W - { o ( %^) m H 1 1 • ^ °. ^ - ( A ~ 1/2 ) ' 

A condition ^ G £ 2 (0, i?) gives ai = a 3 = 0, such that we find 



G m (r,y;W) 



Oj m (r; WOO^Cy; WO, r > V 

co m (W) \ 0< m {r- W)0< m {y; W).r<y 



= ^W^r., W)0< m (y; W ) + ^{ g$ ^<Jj ^ [ ^ , (2,9) 
o <w\ - Bm ^ - (- 1 ) IH+1 [^(«i) + tM + WO + ^W]Am(W) 

Note that the last term in the r.h.s. of eq. (I2.19P is real for W = E. From the relation 
[O< m (r ; E)] 2 a' m (E) = - Im G m (r - 0, r + 0; E + zO), 

7T 

where /(£ + iO) = lim e ^ +0 f(E + ie), V/(W), we find 

<4(£) = ImO m (.E + z0). (2.20) 
Consider fi m (W / ) in more details. 
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Using relations 

M x 

ip(a 2 ) = - T (a ), T (a) = _ k 

k=l ai 

\m\ \m\ 

= v 7 — , — = y 

^ (l , \m\ . . \ . _ ^ 



|m| 



_ i — k 

k=l ' 



\m\ |m| 

y-s — \ — =y 



fc=l 



l + \m\+2u- 2k 



w^) = T («)+ T (« = E / 

^i(l + M + „-*) -a 



2 

2 



2"£ 



|m| 



where B m (W) is an polinomoal in v and a, even in both v and a, and therefore, is a real-entire 
polynomial in W, we can represent Q m (W) in the form 

n m (w) = n lm (w) + n 2m (w), 

(-I)\m\+1A 

2.3.15 Spectrum 

2.3.16 w = R 2 E > q 

In this case, we have ol\ = 1/2 + \m\/2 + a — iyjw — g/4, /3i = l/2+|m|/2 — a — iy/w — q/A 
and it is easy to prove that a±, (3i ^ Z_, such that Q m (E) is finite complex function of E 
and we have 

a' m (E) = lmQ m (E) = g 2 m (E) > 0. (2.21) 
The spectrum of h tm is simple and continuous, spech tm = [q/R 2 , oo). Note that 

limo m (S) = ( „, A V/j^* > (2-22) 



A = £ - q/R 2 -> +0, g m , fe = 47V 2 _ fe , iV mifc = 1 + | m | + 2fc. 
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2.3.17 w = R 2 E < q 

q > 0, a > In this case, we have lmu\ w=E = lmai\ w=E = lm(3i\ w=E 
Im V>( a i)lw=.E = 0, and 



2vrr2( 7l ) 



= l ^7 ; ImWi)l w=g .Ho- 



(^(i?) can be different from zero in the points E m>n when f5\ = —n, n = 0, 1, 2, i.e., E m<n 
satisfy the equations 

\fq - w m , n = y/q ~ 2iV m>n , N m ^ n = 1 + \m\ + 2n => (2.23) 
g ( v ^-2iV m/ra ) 2 _ 4ygiV m , ra 4iV^ n 

^m,n R2 R2 R2 R2 ■ 

Eq. ( 12.23P has solutions only if q > g mj0 , g m ,o = 4iV^ l0 = 4(1 + |m|) 2 . With property 
(I2.23P taken into account, we have: n = 0, 1, n m3X , E m ^ n > £' TO>n _i, n = l,...,n max , 
< E m ^ n < q/R 2 , where 

q < 9m,0) no levels 

n max = k, y/q = 2(1 + |m| + 2(/c + 5) ' 
fc = 0.1,..., < 5 < 1, 



° m \E) - Qm,n d \E - E m;n ), Q m , n - RT^i) " 

We note that the nonexistence of the level £ , m>rimax+ i = E m ^+i = q/R 2 for q = g m ,fc+i .follows 
from the fact that Q m ,k+i = 0. Thus, the discrete part of the spectrum of h tm is simple and 
has the form 

spec/i em = {E m , n , < E m ^ n < q/R 2 , n = 0, 1, ...,n max }, 

1 1 ~h 1 7TZ I 

"-max = k for -y/q = \- k + 5, < 6 < 1, &; G Z + 

The discrete part of the spectrum is absent for q < g m>0 . 

q = 0, cr = We have in this case for W = E: ax — /3i — 1/2 + |m| + a/M> Imz/ = 0, 
Im«i = 0, «i > 0, , and cr' m (E) = 0, the spectrum points are absent. 

q < 0, a = ix, x = v/{g[ In this case, we have for W = E: v = y/\w\ — \q\ > 0, a,\ = 
l/2 + |m|/2 + z/+ix, /?! = 1/2+ |m|/2+i/— ix = 577, such that [Im^(ai) + Im^^i)]^^ = 0, 
and 

<(£) = 0. 

Finally, we find for fixed m, \m\ > 1: 

The spectrum of fo cm is simple, spec/i cm = [q/R 2 , oo) U {-E m>n , w = 0, 1, ...n max }, the 
discrete part of spectrum is present for g > g m - The set of functions 

{U m (r; E) = g m (E)0< m (r; E), E > q/R 2 ; U m>n (r) = Q m , n O< w (r; E m<n ), n = 0,l, ...n max } 

forms a complete orthogonalized system in L 2 (0,R). 
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In this case, we have: fis = 5/2, 5 > 0; fi = 0; a± = 1/2 + v + a, Pi = 1/2 + v — a. 

2.4.1 Useful solutions, r < R 

We need solutions of an equation 

(ha-W)i/><(r) = 0, (2.24) 

where h is given by eq. (I2.ip . 

It is convenient for our aims first to consider solutions more general equation 

(h ,s - W)Mr) = 0, h , s = h m \ m _+ 5 ■ (2.25) 
Introduce a new function (fi^s(x), 

Then we obtain 

[x(l - x)d 2 x + (7 €m5 - (1 + a^ s + P^s)x)d x - a^sP^s^six) = 0, (2.26) 
a^ s = 1/2 + ^5/2 + u + a, % 5 = 1/2 + ^5/2 + v - a, = 1 + 

Eq. (I2.26P is the equation for hypergeometric functions, in the terms of which we can 
express solutions of eq. (I2.25p . We will use the following solutions: 

W) = Jj^/ 2 (1 - x) l '^F{a l5 , Pis; ™ x) = 
_ T( lls )T(-2u) " r( lls )T(2u) _ 

= Of AS (r;W)\^_ a = 0< m Ar;W)\^_ u , 

°w(r'> w ) = -§z^ x ~ 5 '\ l ~ x) 1/i+u H^ 02s; I2s; x) = 
= O^sir; W) = O< 0>a (r; W)\^_ a = 0< Q>s {r; W)\^_ v , 

W) = J^^ /2 (l - x) 1/4+ ^(« 15 , fa 73; 1 - x) = J^ 5/2 (l - x) 1/4+ "x 
x — ———-T(a ls , 0is] 7h; x) + a;"" 5 — ———rJ r {a 2 5, fos] I28] x) 

r( 73 )r(7n) r( 73 )r(g) 
" rww^^ 1 + r(a 15 )r(/3 15 )° 2 ^ (r ' W) ' 

<^( r > ^) = Jrr^ 5 ^ 1 - ^) 1/4 ^-^(«4 5 , 74; 1 - x) = voAr; wOU_, , 



a 15>25 = 1/2 ± 5/2 + v + a, = 1/2 ± 5/2 + 1/ - a, 

a 45 = 1/2 + 5/2 - v + a, /3 4l5 = 1/2 + 6/2- v -a, 
71,5,25 = 1 ± 5, 73,4 = 1 ± 2v. 
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Note that Of os (r; W) and O^ 05 (r; W) are real-entire in W solutions of eq. (I2.25p . 
Represent Of s in the form 

0< AS (r; W) = B 0jS (W)O< AS (r; W) - f ^^Lo< 0>a (r; W), 
OtoA^ W ) = r W [Oj ,*(r; WO - Of^ s (r; W)] , 



r(a 2S )r(p 25 ) r(a ls )r(p ls y 

We obtain the solution of eq. fl2.24p as the limit 5 — > of the solution of H2. 251) : 

O< (r; WO = O< 0>0 (r; W) = ~ *) 1/4+ ^(«i, A; 1; *) = 

(for lmW > 0) = w^kf^ w) + f(Skf o<(r; ^ 

v<(r; W) = v< (r; W) = - xf'^T{a^ fa ^ i _ x ) ) 

O< (r; WO = Jim O< 0i5 (r; WO = 2 lim ^O< 0j5 (r; WO, 

O 3lo(r; WO = - ^) V4+ ^(«i> 73; 1 - *) = 

r(7 3 ) 



S (W)O li0 (r; W) - C (W)O 4fi (r; W), C (W) 



B (W) = B 0>0 (W) = C {W)f (W), f (W) = [2^(1) - - • 
Note that Of (r; W) and O4 (r; WO are real-entire in W. 

2.4.2 Asymptotics, r — )■ (x — >• 0) 

We have 

O< (r; WO = u lafl (r)(l + 0(r 2 )), O< (r; W) = M 4as (r) (l + 0(r 2 )) , 

/4r 2 \ 

wias(r) = r 1/2 , u 4as (r) = r 1/2 In ( — J . 

O£ (r; W) = .C (W) [f (W)u las (r) - C (W) U4as (r)] (l + 0(r 2 )) , 
ImW/ > or W 7 = 0. 

2.4.3 Asymptotics, A = i? - r (5 = 1 - x 0) 

We have 

0<„(r;iy) = iii 1 - 2 ''A- 1 /^(l + (A)), 

°«('' ;W/ '-2r(Sk) fll+2 " A " /2 ^( 1 + ( A )'' 

ImW/ > or W = 0. 
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2.4.4 Wronskian 

We have 



Wt(O< , O< ) = 2, 

Note that any solutions of eq. ( 12.24ft are s.-integrable in the origin and only one solution 
(O3 ) is s.-integrable on the right end R (for Im W > 0), such that there is one solution (Of ) 
belonging to L 2 (M + ) for Imlf > and the deficiency indexes of the symmetric operator /i 
(see below) are equal to (1, 1). 

2.4.5 Symmetric operator h ^ 

For given a differential operation ho, the symmetric operator ho^ is given by eq. 12.71 with 
substitution for m. 



2.4.6 Isometry 

All considerations of subsec 2.4 retain hold with substitution for m. Further, we consider 
the interval (0, R). 

2.4.7 Adjoint operator = h* Q 

We will omit the superscript (1/2). and will write r for £, < r < R. 

It is easy to prove by standard way that the adjoint operator Hq coincides with the 
operator h , 



h+ ^ D h += D; o (0, R) = {V*, ft are a.c. in (0, R), V*, G L 2 (0, R)} 



hoip*(r) = h ip*(r), V0* e D h + 



2.4.8 Asymptotics 

Because hoip* £ L 2 (0,R), we have 

hoM r ) =v(r), V e L 2 (0,R), 
and we can represent ^* in the form 

^(r) = Cl O< (r; 0) + c 2 O 3 < (r; 0) + J(r), 
^(r) = Cl a r O< (r; 0) + c 2 9 r O 3 < (r; 0) + I'(r) 



where 



/(r)= 2Co(o) X 2Co(o) ' °^°My)dy, 







d r O£ n (r;0) T , d r OfJr;0) f r „ 
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I) r ->• 

We obtain with the help of the CB-inequality: 

J( r ) = 0(r 3/2 lnr), J'(r) = 0(r 1/2 In r), 

such that we have 

^(r) = ci« las (r) + c 2 u 4as (r) + 0(r 3/2 lnr) 
^(r) = CiM las (r) + c 2 u' 4as (r) + 0(r 1/2 lnr) 

II) r ->■ i? 

In this case, we prove that [^*, x*] R — 0, V0*, x* G -D ft + . 

2.4.9 Self-adjoint hamiltonians h $ 

The calculation of the asymetry form A h +(ip*) gives 



= 2(c[c 2 - cjci) = -i(.~c+ - cTc_), c± = ci ± zc 2 . 
The condition A h +(tp) = gives 

c_ = -e 2ie c+, \9\ < tt/2, 9 = -tt/2 ~ 9 = tt/2, = 
=>■ ci cos 9 = C2 sin 



r->0 



or 



V»(r) = C^ as (r) + 0(r 3/2 lnr), ^{r) = C^ das (r) + 0(r 1/2 lnr), (2.27) 

^as(^) = Mlas(^) SHI + U 4as (r) COS 9 

(in this section we write 9 instead of more right but more cumbersome 9^). We thus have a 
family of s.a. hamiltohians hoe, 

? f Dh og = {i> E -D/j+, ^ satisfy the boundary condition ( 12. 2 7ft 
/igg : < a „ . (2.28) 

t h oe ^ = hoi), W> e £> fto9 

2.4.10 The guiding functional 

As a guiding functional $<?(£; WO we choose 

$ oe(Z; W) = [ U 09 (r; W)£(r)dr, f G © e = A-(0, i?) D D^. (2.29) 
Jo 

■U e(r; W) = O< (r; W) sin# + O< (r; cos#, 

^oe(^;M^) is real-entire solution of eq. ( I2.24p satisfying the boundary condition (I2.27p . 
The guiding functional $oe(£; W) is simple and the spectrum of h 9 is simple. 
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2.4.11 Green function G g(r, y; W), spectral function cr g(E) 

We find the Green function Goo(r,y; W) as the kernel of the integral representation 



oo 



rf>(r) = / GW(r, y; W) V (y)dy, rj G L\R+), 
Jo 

of unique solution of an equation 

(hoe - W)if)(r) = rj{r), ImW > 0, (2.30) 

for if; G D hoe . General solution of eq. (I2.30P (under condition ip G L 2 (0,R)) can be repre- 
sented in the form 

OUr-W) rR 



if)(r) = aO< (r; W) + ^(W) V' {W) + /(r) ' = I °^ {y] W ^(y) d Vi 



o 



°Ur; W) {'<< . „ n , , . OJ (r; W) 



J(r) = O (r 3/2 lnr) , r -»• 0. 
A condition t/> G -Dh oe _ (i.e.?/' satisfies the boundary condition (12.271) ) gives 

cos 9 



2Cl(W)uj e (W) 



rj 3 (W), u)e(W) = f (W) cosC + sinC, 



G w (r,y; WO = 7rn oe (W)U e(r; W)U oe (y; W) + 
If LT w (r;W)C^(y;W), r>y 

Voe(W) = 2 ^J^y &e(W) = fo(W) sm6 - cos(, 

U oe (y; W) = O< (r; W) sintf + O< (r; costf, 
y/ oe (r; = O< (r; cos# - O< (r; sin#, 

where we used an equality 

Of t0 (r;W) = Co(W)[u e (W)Uoe(r;W) + u) e (W)U o0 (r;W)]. 

Note that the functions U e(r; W) and U g(r; W) are real-entire in W and the last term in 
the r.h.s. of eq. (I2.3ip is real for W = E. For a' oe (E), we find 

a Q0 (E) = Imn oe (E + iO). (2.32) 

2.4.12 Spectrum 

2.4.13 9 = n/2 

First we consider the case 9 = it/ 2. 

In this case, we have (r; W) = Of (r; W) and 

a' 0w/2 (E) = ^lmf(W)\ w=E+l0 . 
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w = R 2 E > q In this case, we have ct\ = 1/2 + a — i^Jw — q, fi\ = 1/2 — a — iy/w — q, 
and it is easy to prove that a±, (3± Z_, such that f(E) is finite complex function of E, 
f(E) =U(E)+iV(E), U{E) = Re f(E), V(E) = lmf(E) > 0, and we find 

</2(E) = ^V(E) = pl /2 (E) > 
spec/ioTr/2 = [q/R 2 ,oo), 

where f (E) = U (E) + iV (E), U (E) = Ref (E), V (E) = lmf (E) > 0. Note that 
lim A ^o Qon/2(E) = for q ^ q 0tk and Q^/ 2 {E) = 0(A 1/4 ) for q = q 0>k , A = E - g/i? 2 ->■ +0, 
g , fc = 4JV 2 >fc , N 0tk = l + 2k 

w = R 2 E = q + A, A ~ In this case, we have v = V~ A, 
q > In this case, we have 

Im^(ai) = 

i) Q ^ %,k 



-0(y/A). A > 
0, A < 



-o(VE). A > 
0, A < 



ImV(A) = 

^/2(E) = | o, A < 
ii) q = q , k , Pi = -k + V /Z A/4, fc = 0, 1, ... 



"i^A + °(v / A)-A>0 
0, A < 



ImVCffi) = 



g < In this case, we have ai = 1/2 + V— A + ix, /?i = 1/2 + V - A — ix, and 

<4r/2(£) = 



o(VK). a > o 

0, A < 



iu = R 2 E < q In this case, we have lmu\ w=E = 0, .v\ w=E > 0. 

g > In this case, we have Imo; 1 | VK=£; = lmf3i\ w=E = 0, Im ip(ai)\ w=E = 0, and 

°L/2(E) = -^I™4>(Pi)\ w =E+io- 
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a' 07r / 2 (E) can be different from zero in the points £ 0n when (3i = —n, n = 0, 1, 2, i.e., £ 0n 
satisfy the equations 

y/q ~ w 0w/2 , n = \fk~ - 2A^ 0j „, N 0>n = 1 + 2n =^ (2.33) 



q (y/q- 2N , n ) 2 _ A^qN , n 4iV 2 n 



t2 



# 2 i? 2 i? 2 i? 2 



Eq. ( 12.331) has solutions only if q > g ,o, <?o,o = 4A^q = g. Then we have: n 
0, 1, ...,n max , £ 0n > 5on-i, n = 1, ...,n max , < £ n < g/-R 2 , where 



^07r/ 2 (^) = Yl Qlir/2,J( E ~ £l) , Qov/2,n = 2R 1 (q ~ W 07r /2,n) •• 
n=0 

Q < 9o,q, no levels 



n max = fc, yg = 4[l/2 + fc + 5) ' fc ~ 01 > -> < <J < 1, 



The level £on max +i = £ok+i would be equal to q/R 2 for q = qo^+i = 4iV ( 2 A , +1 . But, in this case, 
we have Qoir/2,k+i = 0, such that the level £on max +i = ^Ok+i is factually absent. Analogously, 
we see that the level £ 00 for q = g 00 is factually absent. Thus, the discrete part of the 
spectrum of /iott/2 is simple and has the form 

spec/i07r/2 = {£on, < £ 0n < q/R 2 , n = 0, 1, ...,n max }, 
n mffl = k for y/q = 4[^ + k + S\, < 5 < 1, fcGZ + 

The discrete part of the spectrum is absent for g < g ,o- 

g < In this case, we have a± — 1/2 + v + jx, = 1/2 + z/ — ix, and 

<4/ 2 (^) = o. 

Finally, we find. 

The spectrum of h 0n /2 is simple, spec/iovr/2 = [q/R 2 ,oo) U {£o n , n = 0, 1, ...n max }, the 
discrete part of spectrum is present for q > g ,o- The set of functions 

{U 07T/2 (r;E) = g 07r/2 (E)Of (r;E), E > q/R 2 ; U 0lT / %n {r) = Qoir/2,nOf {r; £ 0n ), n = 0, l,...n max } 

forms a complete orthogonalized system in L 2 (R + ). 

Note that these results for spectrum and the set of eigenfunctions can be obtained from 
the corresponding results of sec. 3 by formal substitution \m\ — > 0. 

The same results we obtain for the case ( = —n/2. 

2.4.14 \6\<it/2 

Now we consider the case \9\ < n/2. 

In this case, we can represent c' e (E) in the form 

= -^e lm MlW UW) = MW) M 
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w > q In this case, we have 

°' w{E) = 27 [U Q (E) cos 9 + sin^F + V 2 (E) cos 2 = P ° fl(E) ' 
The spectrum of /ioe is simple and continuous, specie = [q/R 2 , oo). 



w = 5 + A, A = A + ie~0, ImA = In this case, we have a% = 1/2 + a + \J — A/4, 
/3 1 = l/2-t7 + V=A/4, 

/— r- / -i>/A, A > f g > 

V \ yjAI, A < ' 1 %\[\q\l^ q < ' 



f 0(y/A), q = q ok or g 7^ g ofc , # 7^ #0 a > n 
1 0(1/ VA), # = £ ,g^g ofc 



A direct estimation gives 

0, A < 

where tan6> = ip(a w ) + ip(Pio) - 2-0(1), ctio = V 2 + &o = V 2 - 0" 

w < q In this case, we have Imz/| H/=£; = 0, v\ w=E > 0, 

a x = 1/2 + 1/ + A = 1/2 - 1/ + ^/g/4, g > 0, 

a x = 1/2 + 1/ + «v^T/ 4 ? A = "T, 9 < 0. 
Thus, we have: the function [/oe^)] -1 is real except the points E 0n (9), 

f o0 (E On (9)) = 0, (2.34) 

such that we obtain 

°'oo( E ) = Y] Qo$,J( E ~ E 0n(8)), Qoe,n = , -, 

t^u x/2d E foe{E 0n {9))cos9 

OeJ{E) = > 0, (2.35) 

Oy/q — w 

where M is a subset of Z to be described below. Furthermore, we find 

d E On (9) = -[d E f Q0 (E On (9))cos 2 9]- 1 < 0. 

go,fc < q < go,fc+i 5 \/<j/4: — 1/2+k+S, < 6 < 1, k G Z + In this case, the function fo(E) 
has the properties: /o(-E) — >■ —00 as £7 — > —00; /o(£on ± 0) = =Foo n = 0, 1, ...,n max = fc; 
/o(£) -> - tan 9 = 2^(1) - + k + 5) - ip(—k - 5) - as E ->■ q/R 2 - 0. We find: in 
each interval (£ n-i, £on), n = 0, ...,k (we set £ -i — — °°), for an Y fixed 6* G (— 7r/2, 7r/2), 
there is one level E 0n (9) which run monotonocally from £on-i + to £on — as 9 run from 
7r/2 — to -7r/2 + 0; in the interval (£ fc, l/R 2 ), for any fixed G (6* , vr/2), there is one level 
E k+i(9) which run monotonocally from £ fc + to q/R 2 — as 9 run from n/2 — to 6> + 0; 
eq. (12.34p has no solutions in the interval (£ok, q/R 2 ) for 9 G (— 7r/2, #o)- Formally, eq. ( 12.341) 
has solution E k+i(9 ) = q/R 2 for 9 = 9 . However, in this case Qoe ,k = 0, as it is follows 
from eq. fl2.35p .We find also 



N = M ok {9) 



{0, 1, k}, 9e(-n/2,9 ] 
{0,1, ...,& + !}, 9 G (9q, tt/2) ' 
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•Q < <?o,o = 4 In this case, the function fo(E) has the properties: fo(E) — > — oo as 
£ ->■ -oo; / (£) -> - tan ^o-0 = 2^(1) -^(ft) -0 as E ->■ q/ R 2 -0;.f(E) increases 
monotonocally on the interval (— oo, q/R 2 )- Then we find: in the interval (— oo, q/R 2 ], for any 
fixed G (0 , 7r/2), there is one level E -i(9) which run monotonocally from — oo to q/R 2 — 
as run from ir/2 — to O + 0; there are no discrete levels on the interval (— oo, q/R 2 ] for 
9 e (-tt/2,0 o ]. We find also 



\r- \r (9)-f 0j 0e(-7r/2A] 



Finally, we obtain. The spectrum of h 09 is simple and specie = [q/R 2 , oo)U{-E On (0), w € 
J\f}. The set of functions 

{U oe (r; E) = g e(E)O<(r; E), E > q/R 2 ; U oe , n (r) = Qoe, n U e (r] E n (9), ), n G Af} 

forms a complete orthogonalized system in L 2 (0,R). 

2.5 S.a. operators H em ^ 

Then s.a. operator H em ^can be reconstructed by the rules of subsec. 4 Isometry of sec. 3 
from operators which are equal to the operators h tm of sec. 3 for \m\ > 1 and to the 

operators h oe of sec. 4 for m = 0. We do not write explicitly the corresponding formulas and 
note only that the parameter 9 of s.a. hamiltonians h oe should be dependent of C, 9 — 0(C)- 
Note also that a QM-systems obtained can be considered (for fixed S) m ^ and 0^) as union of 
two isomorphic noninteracting systems placed on two sheets of the huperboloid. The absent 
of interaction is due to the vanishind of the current density through the boundary (through 
the points r = 0, R — 0, R + 0, r = oo). 

3 Quantum two-dimensional Coulomb-like interaction 
on pseudosphere 

Consider a space with coordinates p, < p < oo, and 0, < < 4ir, = ~ = Att. Let 
a differential operation He = H , 

H = -A BLp - A BL<t> + V c , A BLp = {R2c ~/ )2 ±-d pP d p , (3.1) 

(R 2 C - p 2 ) 2 1 gCgc + pf 

A ^ " R% ? 9 *> Vc ~ R 2 cP ' 

be given. Consider the equation 

(H-WcMp,(f>) = 0, P<Rc, 

*(p,0) = ^A m (p,0), A m (p,0) = -L e ^/ 2 * m (p) =► 



(# Cm - W c ) *m(p) = 0, = H m = -A BLp + ^^^^ + ^ (3.2) 
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Represent \P m (p) in the form 

* m (p) = o^(i - x) 1 ^^^^), p. = tnn, v = i vV , i„i v = ±1, 

where 

4Rcp p (1-a/T^) 2 <9p P 

= a; = 775 — ; — ttt, p = Rc- 



(Rc + p) 2 ' r x ' dx xVT= 



X 



ad - r./T^rl ^ ~ P ? - 16(1 " %) V - 16(1 ~ X) 

pd p - xVl ~ xd x , - Vfc- ^ 4(1 _ x)) 

16(l-x) 3 / 2 /- 1. . 16(1 -x)/ (m + 5) 2 \ 

BLp = Rlx d x xVT^d x = -A BLr , A BL , = { _ j 



Then we have 



[x(l - x)d 2 x + ( 7€m - (1 + a^ v + P^ v )x)d x - a^J^] $ m ,^ = 0, 
a b&, = 1/2 + p + z> + (x, p^£ v = 1/2 + p + v - a, 7 f = 1 + 2p, 



p 

?2 



Iml 1 / 1 , 

— , v = -a/1 + 4Rcg -w c , a = -a/1 - w c , 



w c = R C W C . 
It is convenient to solve first more general equation 

(H C m,5 ~ W C ) *CmM = 0-H Cm ,8 = H rn , 5 = ~A BLp + ( m + ~ P')' + ^ 

Represent ^cm,s(p) = ^m,s(p) in the form 

VrnM = ^(1 - %) 1/4+i> ®m,^A X )i P = V = ZvV, i»Zv = ±1> 

where 

Ps = ^P<5, Ps 

Then we have 



\m + 8\ 



[x(l - x)d 2 x + (j 6ltt5 - (1 + a^ v ,s + Ptrf vi s)x)d x - a^u,sP^A ®m£^ u ,6 = 0, 
= I/ 2 + + a ^ Pbfrj = 1/2 + ps + v - or, 7^,a = 1 + 2p 5 . 

3.1 Scalar product 

Differential operation (13. ip is s.a. for the standard scalar product on the pseudosphere 

dA(p,<f>) = du{p)d<p, du{r) = c _ dp, 

K^c P ) 

(Ai mi , A2m 2 ) (Al mi A2 mi ) , (Ai m ,A2m) — 

-Rc 



(*lm,*2m)= / ^ lm {p)^2m{p)duj{p) 
JO 
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Represent ^ m (r) in the form 



R 2 — o 2 
K cVP 



Then we have 



Rc 



(Ai m , A 2m ) = (V'lmj ^Jm) = / ^lm(p)^2m(p)dp, 

Jo 

R 2 — p 2 - 
K cVP 

hm = n H m — ^ = -d p po(p)d p + 

K c - p L y/p 

10R 2 p 2 -9p 4 -R 4 r + m 2 (R 2 -p 2 ) 2 , . . , (R 2 C - p 2 ) 2 , , 

+ 4^ + ^ Po(p) = (3 - 4) 



We introduce also the differential operation ft. m $, 

/; _ * R2 c~P 2 i I 

R 2 c -p 2 ' 5 Jp ~ m ' S \m-+m+5 11 

and corresponding the Shroedinger equations 

(h m - W)^ m {p) = 0, (3.5) 
(h m ,s - W)i) m M = 0. (3.6) 

3.2 Connections and coincidences 

In this section, we describe a connection of the oscillator and Coulomb problems on the 
two-dimensional pseudospheres. 

The duality of these theories was demonstrated in [9]. 

The coordinates of two pseudospheres are connected by so called Levi-Civita-Bohlini 
transformation 



,2 



p = KQ r~, r = ^/p/n , R c = KoR 2 , = 2(p, 
and the parameters of two problems satisfy the relations 

Wo = _ 4K09 , 9 = , = i - R iWc , Wa = ^ = ^ - R 

We have 



4K 2 R 4 r 2 4k R 2 cP 
(R 2 + r 2 ) 2 ~ (ifc + p) 2 ' 
Wb - Vb(r) = ft [W c - Vc(p)] , Ho-Wo = K[H c - W c ] , 
#o m - Wo = TZ [H Cm - W c ] , H 0m ,s -Wo = 11 [H Cm ,s - W c ] , 
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AgR c = -R 2 W = -w , w c = 1 - q, 

HC = Ho, Hc,5 = HO, 6, V C = v O, = &0, 

AR c p 4R 2 r 2 
Xc ~ (Rc + p) 2 ~ (R 2 + r 2 ) 2 ~ X °- 

AcmAWc) = A 0m ,5{W ), B Cm {W c ) = B 0m {W ), \m\ > 1, 

Ccm{W C ) = C 0m {W ), UJ Cm {Wc) = CU m(W ), H > 1- 

Connection of functions C(p) and 0{r): 

C(p)-A(p)0(r) A(p) - R c pl/2 R2 ~ r2 - R2M1/2 - RcMm (3 7) 
C{p)-A(p)U(r), A{P)-jQ_p R2rl/2 ~ R2 + r2 ~ Rc + p , (3-7) 



Wr p (C 1 ,C 2 ) = -Wr r (0 1 ,0 2 ) 



R 2 -r 2 R 2 c p 1 / 2 RcM 1/4 R 2 {n Q r) 1 / 2 ' 

h 
2 

Connections of asymptotics of functions C(p) and 0(r): 

i) r — y 0, p ->■ 

C(p) = ( Ko r) 1/2 0(r), 0(r) = ( Ko p)- 1/4 C(p). 

ii) i2 - r = A -»■ 0, R c - p = A c 

A c = 2 K0J RA o , A = (4 Koj R c )- 1 / 2 A c , 

C(p) = ~(K Ry/ 2 O(r), 0{r) = 2{K R c )~ l l i C{p). 

One of the results of these considerations is the following. 

Let ^om( r ) = x °(l — xo) l ^ +v °^ra{xo) is the solution of equation 

(Hom - W )^ 0m {r) = 0. 

Then the function ^cm(p) = x ^ c (l ~ x c) 1 ^ +uc ^m( x c) is the solution of eq. (13. 2p and 
reverse. 

Let ^ ms[r) = x 0S (l-x ) 1/4+i>0 $m8(xo) is the solution of eq. fl2~T2l . Then the function 
^cms(p) = x%"(l - xc) 1/4+ " c $ m 8(xc) is the solution of eq. (JX3]) and reverse. 
Let i) 0m {r), 

^o m {r) = -^^-^om{r) = - xof^^mixo), (3.8) 

R z — r z R z — r z 

is the solution of eq. (I2.10p . Then the function ipcm{p), 

^cUp) = 3^- 2 ^cM = J^4 C (1 - x c ) l/A+i>c ^m(xc), (3.9) 
R c - p z R c - p z 

is the solution of eq. ( 13. 5ft and reverse. 

Let ipo m s(r) = §^m 0mS ( r ) = §^ x % os {l - x ) 1/4+i>0 $ m 5(xo) is the solution of eq. 
(EZI]). Then the function ^ C ms{p) = #4^ Cm(5 (p) = 3^x^(1 - x c ) 1/A+0c ^ms{xc) is 



the solution of eq. (13.61) and reverse. 
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3.3 \m\ > 2 

3.3.1 Useful solutions, p < Rc 

We construct the solutions of eq. ( 13.51) with the help of correspondence formulas f )3.7p . ( 13. 8p . 
and <^M>. We have 

Ci, ra (p; W) = - *) 1/i+u Hai, Pi; 7i;x) = 

K c p 

(for Im W > 0) = Qi(W)C 3>m (p; W) + Q 2 (W> ro (p; W), 7 i = 1 + 2/x, 

Qi(w) = ™7^ , g aW r ^ r ^ 



r(« 4 )r(/3 4 ) ' ^ v 7 r(a 1 )r(/? 1 )' 

R 2 fo 

v m{p\ W) = cV \ x»{l - x) 1/4 - u F( ai , /3 4 ; 74; 1 - x) 
H c p 

R 2 fa R 2 - r 2 
^, m (p; = ^ P R2rl/2 0< m (r; W) = 

= -EjM^O- - x f /4+V lim[a;-^ F(a 2S , (5 2&] l2S] x)- 
JXq — p 0— >o 

- A m ^(W)T(-f 25 )x^ JF{ays, Pis; lis; x)], 

r(ai)r(/3i) 



r(a 2 )r(/3 2 )r( 7l(5 )- 



^3, m (r; W) = J^V^ 1 - ^) 1/4+ ^(«i, A; 7s; 1 - x) 



= B m {w)c x , m {pr t w) + c m (w)c 4 , m (p; W), C m {W) = ^^Ml . 

ai )2 = 1/2 ± p + z/ + a, /3i j2 = 1/2 ± p + v — a, 
a 4 = 1/2 + p — v + er, /3 4 = 1/2 + p — z/ — er, 



71 = 1 + 2/i, 7 3i4 = l±2u, p = \m\/2, a = - w c , 



1 



i/ = -y/l + AgR c - w c , w c = R C W C - 
Ci,m(p', W) and C^ m {p\ W) are real-entire in W. 

3.3.2 Asymptotics, p — > (a; — )■ 0) 

We have 

x = ^(l + 0(p)), p (p) = l + O(p 2 ), 

C lim (p; W) = (4/i2c) |m|/ V /2+H/2 (l + 0(p)); 
^4, m (p; W) = (ifc/4)M/y/a-M/a (1 + 0(p)) f 
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c 3 ,Up; w) = ■ ffi\ r r ( '7' ) (iZc/4)' m 'V /2 - H/2 (i + o{ P )) 
r(ai)r(^ 1 ) 



ImW > or W = 0. 

3.3.3 Asymptotics, A = J R c --p^0 (5 = 1 - a: -»• 0) 

We have 



6 = ^(1 + 0(A)), Po (r) = ^(1 + 0(A)), 

c c 



C a , m {p; W) = 2 - 3 / 2 - 2 »R 1 c - 2 »A- 1 / 2+2u (l + 0(A)), 



Cl > mip; W) = ^^2-^R^A-^(l + 0(A)), 
ImW > or W = 0. 

3.3.4 Wronskian 

Wr(0 1)m ,0 3 , m ) = - r ; /1 r ; 3 = -u m {W) = -\m\C m (W). 

We see that eq. (I3.5P has no s.-integrable silutions for ImlV > 0. This means that the 
deficiency indices of the symmetric operator (see below) are equal to (0,0). 

3.3.5 Symmetric operator h m 

A symmetric operator h m is defined in the Hilbert space f) m = L 2 (0, R c ) by equation 

h m .S D hm =V(0,R c ) 

\ h m 1p m = h m 1p m , V^m € D hm , 

the differential operation h m is given by eq. ( 13. 411 . 

3.3.6 Adjoint operator fo+ = h* m 

It is easy to prove by standard way that the adjoint operator 7t+ coincides with the operator 
h* 

""mi 

D h+ = D\ (0, R c ) = {V*, # are a.c. in (0, ifc), 
hi: { f^h^eL 2 (0,R c )} 
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3.3.7 Asymptotics 

Because h m ty* € L 2 (0,Rc), we have 

h m ijj*{p) = rj(p), r] e L 2 (0,i? c ), 
and we can represent ip* in the form 

ip*{p) = c iCi,m(p; 0) + c 2 C 3jm (p; 0) + 7(p), 
^(p) = Cl 9 p C lim (p; 0) + c 2 d p C 3 , m (p; 0) + /'(p), 

where 

J 0°) = 77^/ c 3,m{y'i )v{y)dy+ 77^ — / Ci,m(y;0my)dy, 

U m [v) Jp l^m{(j) Jo 

r{ ) = d p c ltm (n0) [ R c 3 ,Uy;0)v(y)dy+ ^i^ f P c hm (y,o)v(y)dy. 

Wm(0) Jp Wm(0) Jo 

l)p^0 

We obtain with the help of the Cauchy-Bunyakovskii inequality (CB-inequality): 

0(p 3/2 ), \m\ > 3 , _ / CKp 1 / 2 ), |m| > 3 



J (P) - 1 0(pV 2 y/5tp), \m\=2 ' //(p) ~ \ O^y/Wp), | m | 



such that we have 



M/2 r (73)r(2p) 



r(ai)r( / 9i)' 

The condition ^ e £ 2 (0, gives c 2 = 0, such that we find finally 

f 0(p 3 / 2 ), \m\ > 3 / / / \ f Otp 1 / 2 ), |m| > 3 

WJ ~ \ C^p 3 / 2 ^), \m\ = 2 ' ^* IPJ - \ CKp 1 / 2 ^), |m| = 2 ' 

[0*,x*]o = o, v^*,x* e 
II) p^Rc 

In this case, we prove that [ip*,x*] Rc = 0' W^X* e Indeed, consider the Hilbert 

space f) Cjm = L 2 (c,Rc), c is an interior point of the interval (0,Rc). and an symmetric 
operator h CtTn , Dh = V(c,Rc), acting as h m . We choose the functions Ci jTn (p;W) and 
C3,m(p; W) as the independent solutions of eq. (I3.5P for ImW > 0. The left end c of the 
interval (0, Rc) is regular and both solutions Ci jTra and C*3 im are s.-interable on the end c. 
The right end Rc is singular. On the right end Rc, the solution C 3>m is s.-integrable, but 
Ci m is not. Thus, there is only one s. integrable solution of eq. (I3.5P on the interval (c, Rc) 
for Im W > and the deficient indexes of the symmetric operator h C)Ta are equal to (1, 1). In 
this case, according to [[7J, Lemma on the page 213], we have [-0*, X*] Rc — 0, W?*, x* G .D ft 
Because the restriction ip c * on the interval (c, Rc) of any function 0* G -D ft + belongs to 
■0c* G -D h + . V-0* G -D h + , we obtain that [0*, x*]^ = 0, Vy>*, x* € • 



+ . 

c,m 



+ , 
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3.3.8 Self-adjoint hamiltonian h tm 

Because u h + (x*,^*) — A h +(ip*) = (and also because Ci )TO (p; W) and C? Jjr {u; W) and any 
their linear combinations are not s.-integrable on the interval (0, -Re) for ImW ^ 0), the 
deficiency indices of initial symmetric operator h m are zero, which means that h zra — ^ 
a unique s.a. extension of the initial symmetric operator h m : 



D Km = D* h (0, R 



ci 



h tm ip*(p) = h m ip*(p), V^* G D hcn 



3.3.9 The guiding functional W) 

As a guiding functional W) we choose 

i-Rc 

m W) = / c hm (y; W)£(y)dy, t G © = D r (0, R c ) n D hMB . 
A.(0,#c) = : suppe C [0, /%], & < R c }. 

The guiding functional W 7 ) is simple and the spectrum of h em is simple. 

3.3.10 Green function G rn (p, y; W), spectral function a m (E) 

We find the Green function G m (p,y; W) as the kernel of the integral representation 

rRc 

= / G m (p,v;W)v(v)dy, v e £ 2 (o,i?c), 

of unique solution of an equation 

(/* cm - W)t/;(p) = V (p), lmW>0, (3.11) 
for ijj G Dh cm - General solution of eq. (13. lip can be represented in the form 
rj)(p) = a 1 C 1 , m (p; W) + a 3 C 3 , m (p; W) + I{p), 

/(p) = 77777- / G 3,m(y; W0pU/)c^/ + 77777—/ Ci,m(y; W)r](y)dy, 

W m \W ) J p LO m {VV ) J 



Hp) 



A condition ^ G L (0,p) gives ai = a 3 = 0, such that we find 

r r„ ,,. J- / Cs ' m ^ ; woeWs/; w )> p > y 

Um[P ' V ' VV) u m \ C 1>m (p;W)C 3 , m (y;W). p<y " 

= W «o<w* «o + ^ { % Sj&g; w w \ IZ' 

Qm{w) _ B m (w) _ + + + V(A0]An(wO 



rru m (W) 27rr 2 ( 7l 

r(gi)r(go 
r(a 2 )r(/5 2 )" 
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Note that the last term in the r.h.s. of eq. ( 13.1 2p is real for W = E. From the relation 
[Ci, m (p ;E)} 2 a' m (E) = - Im G m (Po - 0, p + 0; E + zO), 

71 

where f(E + iO) = lim e _> +0 f(E + ie), Vf(W), we find 

a' m (E) = Imtt m (E + iO). 

Consider Q m (W) in more details. 
Using relations 

M 1 

^(a 2 ) = V(«l) - T (a), T { a) = y\ T j 

k=l 1 

H - 

Mb) = Wi) - %) = E a - TT' 

fc=i ^ x 

WWO = r (a) + T(/» = , 

where B m (W) is an polinomial in i/ and cr, even in both v and cr, and therefore, is a real-entire 
polynomial in W, we can represent f2 m (W / ) in the form 

n m (w) = n lm (w) + n 2m (w), 

n lm (w) = 1 \ V 2^ + VW1 , 

7rr 2 (7i) 

3.3.11 Spectrum 

3.3.12 W = (1 + AR c g) / R 2 C + A, A~0 
A direct estimation gives 



9m,k 

0(1/ VK), g = g m , k , 



Rcg m ,k = ~N^ k , N m , k = 1 + \m\ + 2k, W = (l + AR c g)/R 2 c , Im[^ m (W )] = 0. This result 
means that the levels with E = Eq are absent. 

3.3.13 w = R 2 C E > 1 + AR c g 



In this case, we have aci = 1/2 + \m\/2 + cr — iy/w — 1 — AR c g/A, fii = 1/2 + \m\/2 — 
cr — iyfw — 1 — 4Rcg/4: and it is easy to prove that a\,f5\ ^ Z_, such that Q m (E) is finite 
complex function of E and we have 

a> m (E) = Imn m (E) = Q 2 m (E)>0. 

The spectrum of h m is simple and continuous, spec/i em = [(1 + AR c g) / R%, oo). Note that 

i j 0(^/X), g^g m , k 

0(1/ V A), g = # mjfc 



2 



A = £ - (1 + AR c g)/R 2 c -)- +0. 
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3.3.14 w = R 2 C E < 1 + AR c g 

E < 1/Rq In this case, we have lm.u\ w=E = lma\ w=E = lmai\ w=E = lm(3i\ w=E 
Im ^(ai)U=s = °> and 



;-l )H+U m (jE ) 
7rr 2 (7i) 



(j' m (E) can be different from zero in the points -E mjn when (3\ = —n, n = 0, 1, 2, i.e., E m ^ n 
satisfy the equations 



a/1 - u> m , n = V 1 - u>m,n + + 2iV m>n , N mtn = 1 + |m| + 2n. (3.14) 
Eq. (I3.14p has solutions only if g < and only one inequality 

w m , n < l-4Rc\g\ (3.15) 
must be satisfied It follows from eq. (I3.14p that 



N m , n y 1 - w m ,n - 4Rc\g\ = R c \g\- N^ n , (3.16) 
and we obtain one more inequality 

Rc\g\ > (3.17) 

It follows from eq. ( 13. 16}) that 



. ) 2 



Wm,n = 1 - (Rc\g\/N m>n + N n 

= 1 - 4R c \g\ - R c \g\ [(a + a- 1 ) 2 -!] 



E my n = w m ^ n /R c , a = N m>n / y Rc\g\, 

so that inequality (13. 15[) is satisfied. It follows from inequality (" 13 . 1 7[) and eq. (I3.13P that 
there are no levels for g > g m $ = -NlJRc = -(l + \m\) 2 /R c and there are n max + 1 levels 
n = 0, 1, n max = k for R c \g\ = 1 + \m\ + 2(k + 8), k = 0, 1, < 5 < 1. Note that 
1 — 4:R c \g\ > E m<n > E m ^ n _x, n = 1, n max . 
We have 



^ x 2 {-l)\ m \AA m {E mn ){R 2 c g 2 -N^ n ) 
^iP) = Qm,nS(E - E m>n ), Q m>n = y >-.. 

The discrete part of the spectrum of h zm is simple and has the form 

spec/i em = {E m>n , E m)n < 1 - 4:R c \g\, n = 0, 1, ...,n max }. 
The discrete part of the spectrum is absent for g > g m $. 

w = 1, a = We have in this case for W = E = R^ 2 : g > 0, aci = fa = 1/2 + \m\/2 + 
y/Rcg/2, Imz/ = 0, Imai = 0, a± > 0, , and a' m (R^ 2 ) = 0. 
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w > 1, a — ix/4, x = y/w — 1 In this case, we have for W = E-Jmu = 0, ai j2 = 1/2 ± 
|m|/2+z/+ix/4, /3 lj2 = l/2±|m|/2+v-ix/4 = al, such that [Im^(ai i2 ) + Im ■0(^i,2)] w=E = 
0, and 

(4(E) = 0. 

Finally, we find for fixed m, \m\ > 2: 

The spectrum of h tm is simple, spec/i em = [1 + 4Rcg)/Rc, °°) U {E m ,n, n — 0,1, ■■■n max }, 
the discrete part of spectrum is present for g < g m ,o- The set of functions 

{U m (p; E) = g m (E)C lm (p; E), E > 1 + AR c g)/R 2 c ] U m>n (p) = Qm,nC lm (p; E mtn ), n = 0, 1, ...n max } 
forms a complete orthogonalized system in L 2 (0,Rc)- 

3.4 m = 1 

3.4.1 Useful solutions, p < Rq 

We construct again the solutions of eq. (13.51) with the help of correspondence formulas (13.71) . 
(jSH) , and (J32D. We have 



W) = ^P^- 2 x 1/2 {\ - xfl^7{a x , X ; 2; x) 
K c p 



(for ImW > 0) = Qi(W0C 3 ,i(/>; + Q 2 (W>i(/>; W), 



MP; W) = & Cy ^ 2 x 1/2 (l - x) 1/4 -^(a 4 , 04] 7 4 ; 1-x), 
K c p 

= ^ 2 1 1 - 1 )' /4+ " H 1 ""^ ™ *)- 

- A lj5 (^)r(7 25 )x w J r (ai 5 , 715; x)], 

r(«i)r(/3 1 ) 



Ai,,(W0 



r(« 2 )r(/3 2 )r( 7l(5 ) 



^3,i(^ W) = ^^- 2 x l/2 (l - xY^F{a x , ft; 73 ; 1 - x) = 



r(ai)r(A)- 



Si(wo = Ci(w)/i(w), AW = ^ + WO] - 

a lj2(S = 1/2 ± (1 + 5)/2 + 1/ + a, /3 lj2(S = 1/2 ± (1 + 5)/2 + u - a, 
71,2,5 = 1 ± (1 + (5) 

a 1)2 = 1/2 ± 1/2 + v + a, lfl = 1/2 ± 1/2 + u - a, 
a 4 = 1 — v + a, 04 = 1 — v — a, 7 3j4 = 1 ± 2u. 

Ci,i(p; W) and C^i (/o; W) are real-entire in W. 
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3.4.2 Asymptotics, p — > (x — > 0) 

We have 

C 1A (p; W) = C ltlas (p)(l + 0(p)), 
C 4 ,i(p; W) = C 4)las (p) (1 + O(plnp)) , 



C 3 ,i(p; = C^W^MW^UP) + C4,ias(p)](l + O(plnp), 
Im W > or W = 0. 

Ci, las (p) = (4/i?c) 1/2 p, 

C 4 ,ias(p) = (i?c/4) 1/2 [1 + gp (ln(Ap/R c ) + 2C)] 

3.4.3 Asymptotics, A = J R c .-p-^0 (5 = 1 - x -> 0) 
We have 

C 3)1 ( p; jy) = 2- 3 / 2 - 2 -i?^ 2 -A- 1/2+2i/ (l + 0(A)), 

Q < l(p; w) = r(I ( )rt/3 1 ) 2 ' 3/2+2 ^^ A ' 1/2 '^ (1 + 0(A)) ' 

ImW > or W = 0. 

3.4.4 Wronskians 

Wr(Ci,i,C 4 ,i) = -l, 

.Wr^C^) = - r . r( 7 r 3 ^ = -m(W) = -d(W) 

We see that any solutions of eq. (13. 5p are s.-integrable at p = and there is one (and only 
one) silution, C^i, which is s.-integrable on the interval (0, Rc) for Imlf > 0. This means 
that the deficiency indices of the symmetric operator (see below) are equal to (1, 1). 

3.4.5 Symmetric operator h\ 

A symmetric operator h\ is defined by eq. (13.101) with m — 1. 

3.4.6 Adjoint operator hi = h* 

It is easy to prove by standard way that the adjoint operator hi coincides with the operator 

K 

D h + = D* h (0, R c ) = {V*, V>i are a.c. in (0, R c ), 
h-[ : { f*,hli>* G L 2 (0,Rc)} 

hl^(p) = hi^(p), V-0* e D h + 
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3.4.7 Asymptotics 

Because h\ip* € L 2 (0,Rc), we have 

h^ip) = V (p), 7] e L 2 (0,R c ), 

and we can represent ip* in the form 

if)*(p) = ciC7i,i(p; 0) + c 2 C 4 ,i(p; 0) + I(p), 
^(p) = c^C^ip; 0) + c 2 d p C 4)1 (p; 0) + 7'(p), 

where 

I(p)=C 4jl (p;0) /"Ci,!^; 0)77(y)dy -C a)1 (p;0) /" C 4tl (y;0) V (y)dy, 
Jo Jo 

l'(p)=d p C^(p;0) fcyfeOM^I/^AifeO) [ P C 4>1 (y;0) V (y)dy. 
Jo Jo 

I) p^0 

We obtain with the help of the Cauchy-Bunyakovskii inequality (CB-inequality): 

j(p) = o( P 3 / 2 ), r{p) = o^), 

such that we have 

V>.(p) = CiC lj i as (p) + C 2 C 4 ,las(p) + 0(p 3/2 ), 

= cic lilas (p) + c 2 c; las (p) + otp 1 / 2 ). 

II) P ->• #c 

In this case, we prove that [■0*, x*] Rc = 0, V^*, x* £ D h +, such that we obtain 
A h + = cid - clc 2 ) = 2(^+ c + _ ~ c -)> c± = ci ± zc 2 . 

3.4.8 Self-adjoint hamiltonians 

The condition A h +(tf)) = gives 



-e 2 V, ICI < tt/2, C = -tt/2 ~ C = vr/2, 
Cx cosC = c 2 sin£, 



or 



V>(p) = CV ?as (p) + 0(p 3 / 2 ), ^'(p) = Cif)' <as (p) + Otp 1 / 2 ), (3.18) 

^Cas(p) = Cl,las(p) Sin ( + C 4j i as (p) COS £. 

Thus we have a family of s.a. hamiltohians hi^, 

f D feic = {ip E D h +, if; satisfy the boundary condition (13.181) 

ic: { f*cil> = h 1 if>, v/e\ ■ ( ' :> ' l9) 
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3.4.9 The guiding functional 

As a guiding functional 3>ic(£; W) we choose 

rR c 

<M£; WO = / u K { P] w)z(p)d P , e € d 1? = ^(o, n £> fclc . 

.f/ ic (p; = Ci,i(p; WO sinC + C 4 ,i(p; WO cosC, 

C/if (p; WO is real-entire solution of eq. (j3.5p satisfying the boundary condition (I3.18p . 
The guiding functional (£; W) is simple and the spectrum of is simple. 

3.4.10 Green function Gi^(p,y;W), spectral function (J\^{E) 

We find the Green function Gi^(p,y; W) as the kernel of the integral representation 

POO 

HP) = / G 1( (p, y; W) V (y)dy, rj G L 2 (R + ), 
Jo 

of unique solution of an equation 

(h K - W)4>(p) = r}{p), ImW > 0, (3.20) 

for ip e D h . General solution of eq. (I3.20p (under condition ip e L 2 (0,i?)) can be repre- 
sented in the form 

${p) = aC 3A (p; W) + ^d^l m (W) + I(p), m{W) = J* C^y; W) V (y)dy, 

I{p) = o (p^) , p 0. 
A condition ^ G D/j lc : (i.e.^ satisfies the boundary condition (13.1 8p ) gives 

cosC 



Cf(W)u ( (W) 



m (W), u ( (W) = h(W) cos (- sm(. 



G K (p, y- W) = ttQ k {W)U k (p; W)U K {y; W)— 

U K (p;W)U K (y;W), p>y 
U lc (p;W)U K (y;W), p<y ' 



(3.21) 



U K (y; W) = C 1A (p; W) sinC + C 4 ,i(PI WO cosC, 
t/ lc (p; W0 = C ltl (p; W0 cosC - C 4jl (p; WO sinC, 
where we used an equality 

C 3>1 (p; W) = u c (W)U c ( P] W) + u ( (W)U K ( P] W). 

Note that the functions Ui^(p; W) and Ui^(p; W) are real-entire in W 7 and the last term in 
the r.h.s. of eq. ( 13. 2ip is real for W = E. For a' 1( -(E), we find 

a' K (E) = Imtt K (E + i0). 
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3.4.11 Spectrum 

3.4.12 W — (1 + AR c g)/R 2 c + A, A ~ 
A direct estimation gives 



n lc (w) 



n lc (W ) + O(v^), g = g lk or g ^ g lk , ( ^ (i 

0(1/ VX), g^gik, C = Ci 



Rc9i,k = -Nl k , N hk = 2(1 + k), Im[n K (W )] = 0,tanCi = /i|o = /iW| A=0 . This result 
means that the levels with E = E are absent. 

3.4.13 C = tt/2 

First we consider the case ( — ir/2. 

In this case, we have U l7V / 2 (p] W) = C\ : i(p\ W) and 

a[ 7r/2 (E) = ±-Imf 1 (W)\ w=E+l0 . 

All results for spectrum ang spectral function can be obtained from the corresponding results 
of previous section by setting there m — 1. 

w = RqE > 1 + AR c g In this case, fi(E) is a finite complex function and we find 

a' ln/2 (E) = UmV 1 (E) = gl n/2 (E) > 0. 

where h(E) = U^E) + iVi(E), U^E) = Refi(E), Vi(E) = Imf^E) > 0. The spectrum of 
hin/2 is simple and continuous, spechi w / 2 = [(1 + AR c g)/R 2 c , °o), and 



, A +0, 



A = E-(l + AR c g)/R 2 c . 

w = RqE < 1 + AR c g, w < 1 In this case, we have 

'\g\(R 2 c g 2 -Nl n ) 



n=0 



NLRc 



i-(Rc\g\/N ltn + N ltn ) 



2 



Si, n = ■ — v ' ' V, 2 — , Reg < Rcgi,o = -Nf >0 = -a. 

The spectrum of hi n /2 is discrete and simple and has the form 

spech l7r/2 = {£i,„, €i, n < 1 -AR c \g\, n = 0, 1, n max }, 



n mffi = k for \/ Rc\g\ = 2(1 + k + 5), < 5 < I. The discrete part of the spectrum is absent 
for g > g lfi = -NlJR c = -A/R c . 
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w — 1, a — We have in this case for W = E = R c 2 : g > 0, cti = fa — 1 + y/Rcg/2, 
Imz/ = 0, Im«i = 0, «i > 0, , and a' m (R^ 2 ) = 0. 

u? > 1, a = ix/4, x = a/w — 1 In this case, we have for W = E:lmu = 0, «i = l + 
fa — 1 + v — ik /4 = a±, such that [Im^(ai) + lmtp(fa)] w=E = 0, and 

a' m (E) = 0. 

Finally, we find. 

The spectrum of h in /2 is simple, spec/ii^ = [l+4Rcg)/Rc, oo)U{£i jn , n — 0, 1, ...n max }, 
the discrete part of spectrum is present for g < g 10 . The set of functions 

U lv/2 (p;E) = Qi^/2{E)C hl {p-E), E > l+AR c g)/Rh 

Ui 7T /2,n(p) = <5l7r/2,nCl,l(p; fa,n), n = 0, 1, ...n max 

forms a complete orthogonalized system in L 2 (0,i?c)- 

The same results for spectrum and eigenfunctions are obtained for the case ( = —ir/2. 

3.4.14 |C|<vr/2 

Now we consider the case \(\ < ir/2. 

In this case, we can represent a' 1( -(E) in the form 

£ > (1 + AR c g)/R 2 c In this case, we have 

, m = I }M£) = , 

1Cl J 7T [Wi(S) COS C- Sill C] 2 +V! 2 (^) COS 2 C " ° Cl J ' 

The spectrum of is simple and continuous, spec/ii^ = [(1 + 4R c g)/ Rq, oo). 
w = 1 + 4_R c g + A, A ~ In this case, we have 



4z/= v / =A = <! /^' A - n ,^=< ^9 = 

Vl S I V^M/2 + 0(A),, s<0 



-iy/R^j/2 + v + 0(A), ^>0 
ai = 1 + 2z/, 5 = 



'ifc|<7|/2 + i/ + 0(A)„ <?<0 
?v ^/2 + z/ + 0(A), £>0 
ft = 1 + < 0, ^ = 



V^7M/2 + z/ + 0(A),, <?<0 

, A > 



A direct estimation gives 

{( O(VK), g = g lk or g ^ lfc , C ^ Ci 
1 0(1/V£),g* gik , C = Ci 
0, A < 

where tan^i = /i|o = /i(-^')Ia=o- Note that the discrete level with £'=(14- AR c g)R 2 c is 
absent. 
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E < (1 + AR c g)R 2 c In this case, we have \mv\ w=E = 0, v\ w=E > 0, 
«i = 1 + v — iy/w — 1/4, /?! = oT, w > 1, 



ai = 1 + f + vl - w/4, /3i = 1 + f - y/l - w/A, u> < 1. 
Thus, we have: the function [/^(i?)] -1 is real except the points Ei n ((), 

fidEmiO) = 0, (3.22) 

such that we obtain 

M E ) = E ^Cn^ - Eln(0), QlC,n = J= =. = — , 

nlM V^Ac(^m(C))cosC 
dEfi(E) > 0, 

where A/1 is a subset of Z to be described below. Furthermore, we find 

d ( E ln (() = [^/^(owcr 1 > 0. 

9 > <?i,o = —A/Rc In this case, the function /i(-E') has the properties: /i(-E) — >■ — oo 
as E ^ -oo; ->■ tan^i - = fi\ — as E — >■ (1 + AR c g)R 2 c - 0;.fi(E) increases 

monotonocally on the interval (— oo, (l + 4Rcg)Rc)- Then we find: in the interval (— oo, (1 + 
4Rcg)R(j), for any fixed ( G (— 7r/2, there is one level _Ei ; _i(C) which run monotonocally 
from — oo to (1 + 4Rcg)Rc — as ( run from — 7r/2 — to £i — 0; there are no discrete levels 
on the interval (— oo, (1 + 4Rcg)Rc) for ( G (£i,7r/2). Formally, eq. (I3.22p has solution 
•Ei,-i(Ci) = (1 + ^Rcg)Rc f° r C = Ci- However, as was noted above, such levels are absent 
We find also 

0, Ce[CW2) 
{-!}, Ce(-7r/2,Ci) ' 



M=M,-i(C) 



gi,k+i < g < gi,k, yRc\g\ = 2(1 + k + 5), < 5 < 1, k G Z + In this case, the function 
/l(-E) has the properties: /i(-E) — > —oo as E — > — oo; /(£i n ±0) = =Foo n = 0, 1, n max = k; 
/1(E) -> tanCi - = fi\ {E) - as E ->• (1 + AR c g)/R 2 c - 0. We find: in each interval 
(£in-i, £in), w = 0, (we set Si -1 = —00), for any fixed ( G (— tt/2, tt/2), there is one 
level Ei n (() which run monotonocally from £„_i + to S n — as ( run from —tt/2 + to 
7r/2 — 0; in the interval (£&, (1 + AR c g)R 2 - ; ); for any fixed ( G (—tt/2, Ci), there is one level 
-Efc + i(C) which run monotonocally from £ k + to (1 + AR c g)/R 2 j — as C run from — tt/2 + 
to d — 0; thare are no levels in the interval (£&, (1 + AR c g)/ Rq) for ( G (£1, 7r/2). Formally, 
eq. (13.221) has solution £?x,fc+i(Ci) = (l + 4-RcsO/-Rc f° r C = &■ However, as was noted above, 
such levels are absent.. We find also 



M=M,*(C) 



{0, 1, k), CG [Ci,tt/2) 
{0,1, ...,* + !}, C G (-tt/2, Ci) 



Finally, we obtain. The spectrum of is simple and spec/ii^ = [(1 + AR c g) / R 2 ^, 00) U 
{£i n (C), n G A/1}. The set of functions 

{U k ,e(p) = Qic(E)U K (p; E), E > (1 + AR c g)/R 2 c ; U K , n (p) = Qit,nUi C (p; E ln (Q, ),neN) 
forms a complete orthogonalized system in L 2 (0,Rc)- 
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3.5 m = — 1 

Only modification which we must do is the following: the extension parameter for the case 
m = — 1 should be considered as indendent of the extension parameter for the case m = 1. 
It is convenient to denote the extension parameter for the case m = 1 as £m and for the 
case m = — 1 as C(-i)- 

3.6 m = 

In this case, we have /i = 0; a% = 1/2 + v + er, /?x = 1/2 + z/ — a. 



3.6.1 Useful solutions 

We need solutions of an equation 

(h -W)^<(p)=0, (3.23) 

where h is given by eq. (13. 2p with m = 0. 
We use the following solution of eq.( )3.23p 

Ci,o(p; WO = J^C 1 - *) 1/4+1 ^K A; i; *) = 

K c p 

^o(p; WO = 3^ (1 - xf/ A - v F{a A , fa 74 ; 1 - x), 
-rt c p 

C 4 , (p; W0 = 2hm&<7<>; W), 

Cx, Q , s (r; W) = JS^x 5 / 2 (l - x) 1 '*" F{a is , Pis; lis; x), 
K c r 



C ^(P; W) = -3^~ 2 {l - x) 1/4+ ^(« 1; ft; 73; 1 - x) = 

r(7s) 



B (W)C lfi (p; W) - C (W)C 4fi (p; W), C (W) 



T(a 1 )T((3 1 ) , 

B (W) = C (W)f (W), f (W) = [2^(1) - V(ai) - • 

a w = 1/2 + 5/2 + v + a, f3 u = 1/2 + 5/2 + v - a, lu = 1 + 5 
ax = 1/2 + 1/ + a, fix = 1/2 + v - a, 
a 4 = 1/2 - v + a, fa = 1/2 - v - a. 

Note that Cf (p; W) and Cf (p; W) are real-entire in W . 

3.6.2 Asymptotics, p — > (x — > 0) 

We have 

C 1)0 (p; WO = C li0as (p)(l + O(p)), C 4 , (p; WO = C 4 , as(p) (1 + O(p)) 



Cl,0as(p) = P V2 , C 4 , as(p) = P^ In . 
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C 3fi (p; W) = .C (W) [f (W)C lfiaB (p) - cWp)] (1 + 0(p 2 )) , 
ImW > or W = 0. 



3.6.3 Asymptotics, A = R- p ->■ (S = 1 - x 0) 

We have 

C 3>0 (p; = 2- 3 / 2 - 2 - J R^ 2 -A- 1 / 2+2i/ (l + 0(A)), 

Cl < o(p; W) = fR^ 2_3/2+2 ^^ A_1/2_2 ' (1 + 0(A)) ' 

ImW > or W = 0. 

3.6.4 Wronskian 

We have 

Wr(C li0 ,C 4)0 ) = l, 

Wr(C liQ , C 3 , Q ) = - r , r( ^, = -Co(W). 

r(ai)r(/?i) 

Note that any solutions of eq. (I3.23f) are s.-integrable in the origin and only one solution 
(£3,0) is s.-integrable on the right end Rc (for Imiy > 0), such that there is one solution 
(£3,0) belonging to L 2 (0,Rc) for ImW 7 > and the deficiency indexes of the symmetric 
operator h (see below) are equal to (1, 1). 

3.6.5 Symmetric operator h 

A symmetric operator h is defined by eq. (13.101) with m = 0. 



3.6.6 Adjoint operator h$ = h, 







It is easy to prove by standard way that the adjoint operator coincides with the operator 

K 

■ h + . I D h + = Dl(0,R c ) = {V>.,# are a.c. in (0,R C ), ^o>* E L 2 (0,R c )} 
ht^*{p) = M>*(/0> W>* e D h + 

3.6.7 Asymptotics 

Because h^ip* e L 2 (0,R), we have 

h Mp) = v(p), V e L 2 (0,R c ), 
and we can represent ip* in the form 

Mp) = c iCi,o(p; 0) + c 2 c 3 ,o(p; 0) + 10), 

€(P) = Cid p C lfi (p; 0) + c 2 d p C 3fi (p; 0) + I'(p), 
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where 

HP) = f C 1>0 (y; 0)rj(y)dy - jT C 3 , (y; 0) V (y)dy, 

r{p) = d -^lj Q P C h0 (y;OHy) d y- d J^L j^^W 

I) p^O 

We obtain with the help of the CB-inequality: 

/(p) = 0(p 3 / 2 lnp), l'(p) = 0(p^\np), 

such that we have 

1p*(p) = ClCi i0 as(p) + C2C4,0as(p) + 0(p 3/2 lnp), 

^(P) = CiCi i0as (p) + c 2 C% as (p) + 0{p 1 ' 2 lnp). 

II) p^Rc 

In this case, we prove that [ijj*, x*} R ° — 0, W>*, x* £ -^V 1- > sucn that we have 
A h +0*) = (clc 2 - C^Ci) = --(.c^c + - cTc_), C± = Ci ± zc 2 . 

3.6.8 Self-adjoint hamiltonians hoe 

The condition A h +(i^) = gives 

c _ = -e 2ie c+, \9\ < tt/2, = -tt/2 ~ = tt/2, 
=>- Ci COS6 1 = c 2 sin6*, 



or 



= CVw(p) +0(p 3 / 2 lnp), ^'(p) = C^ as (p) +0(p 1/2 lnp), (3.24) 

i>8as(p) = Cl,0as(p) sin 9 + C 4 ,0a S (p) COS 6> 



We thus have a family of s.a. hamiltohians hoe 
hoe : 



Dhog — G ^/ij> ^ satisfy the boundary condition (13.241) 



3.6.9 The guiding functional 

As a guiding functional $00 (£i W) we choose 



$ oe(£i WO = / Mp; e e D 9 = D r (0, ifc) n D hoe . 

Jo 

.U e(p; W) = C lfi (p; W) sinfl + C 4 , (p; W) cos#, 

Uoe(p] W) is real-entire solution of eq. (I3.23P satisfying the boundary condition (I3~I 
The guiding functional $ 6» (Ci W) is simple and the spectrum of hoe is simple. 
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3.6.10 Green function G e(p, y; W), spectral function o- Qe (E) 

We find the Green function Gog(p, y; W) as the kernel of the integral representation 

rRc 

4(P) = / G o0 (p,y;W)rj(y)dy, rj G L 2 (R + ), 



Jo 

of unique solution of an equation 

(hog - W)^(p) = V (p), lmW>0, (3.25) 

for ip G Dh Qfr General solution of eq. ( 13. 25ft (under condition ip G L 2 (0,R)) can be repre- 
sented in the form 

<«/>) = aC v ,(p; W) + + /(/>), = y C 3 ,ote 

1 w = ^? r w) " w * - w r 

I(p) = 0(p 3 / 2 In p), p^O. 
A condition t/> G D hog | (i.e.?/' satisfies the boundary condition (12.271) ) gives 

cos^ 



C 2 {W)u e {W) 



V3 (W), u e (W) = f (W) cos ( + sin (, 



G oe (p, y; W) = ir{l oe (W)U oe (p; W)U oe (y; W)+ 

f Uoe(p; W)U oe (y; W), p>y ( , 

+ \ Mp;^)My;W0, P<y ' 1 J 

»ogW= u) e (W) = / (W) sine- cos C, 

U oe (p; W) = C< (p; HQ cosfl - C< (p; W) sintf, 
where we used an equality 

C3I0O; WO = CoWMWOMp; WO + ^(WOMp; WO]. 

Note that the functions U g(p; W) and Uoe(p; W) are real-entire in W and the last term in 
the r.h.s. of eq. ( I3.26P is real for W = E. For a' Qd (E), we find 

a Q0 (E) = Imn oe (E + iO). 

3.6.11 Spectrum 

3.6.12 W = (1 +AR c g)/R 2 c + A, A ~ 
A direct estimation gives 

^od w o) + 0(^fh), g = g ok or g ^ g okl C ^ Co 



0(1/VK), g^g ok , C = Co 



Rc9o,k = ~N 2 :k , N 0ik = 1 + 2A;,tan0o = -/o|o = /oWU=o > Im[0 oc (Wo)] = 0. This result 
means that the levels with E = E are absent. 

47 



3.6.13 9 = n/2 

First we consider the case 9 = tt/2. 

In this case, we have U 0w /2(p; W) = Ci )0 (p; W) and 

^ 2 (£) = ^Wo(£ + *o). 

All results for spectrum and spectral function can be obtained from the corresponding results 
of subsec. 4.7 by setting there m — 0. 

w = R 2 C E > 1 + 4:Rcg In this case, fo(E) is a finite complex function and we find 

a' 0n/2 (E) = -ImVo(E) = qI /2 (E) > 0. 

where f (E) = U (E) + iV (E), U (E) = Ref (E), V (E) = lmf (E) > 0. The spectrum of 
/iott/2 is simple and continuous, spech 07T / 2 = [(1 + AR c g) / R%, °o), and 

W = { 0(1/VK)i g = m t • A ^ +0, 

A = E-(l + 4R c g)/R 2 c . 

w = RqE < 1 + 4:Rcg, w < 1 In this case, we have 



a 0n/2{ E ) = / , Qon/2,nH E ~ ^0,n), Q^/2,n = ~B~ \ ^3 '~ 

n=0 KC V iV 0-n 



l-(i?cb|/^0,n + ^0,n) 



2 



£(),n — • ^ ^"t^"'" -^Cfi 1 < Rc90,0 = -Ni fi — — I- 



c 



The spectrum of /iovr/2 is discrete and simple and has the form 

spec/iQTr/2 = {£o,n, £o,n < 1 - 4i?c \g I , n = 0, 1, n max }, 



max 



k for a/^RcM = 1 + 2(/c + <5),0<5<1. The discrete part of the spectrum is absent 
for g > g ,o = -N 2 fi /R c = -1/Rc- 

w = R 2 C E < 1 + 4:Rcg, w > 1 In this case, we have cr^ 2 (£ l ) = 0. 
Finally, we find. 

The spectrum of ho n /2 is simple, spech 0n /2 = [l+4Rcg)/Rc, oo)U{£o,n, n — 0,1, ...n max }, 
the discrete part of spectrum is present for g < g 0>0 . The set of functions 

{Uoiv/2,e(p) = Qo,*/2(E)Ci, (p',E), E > (1 + AR c g)/R 2 c ; U^^nip) = Q(hv/2, n Ci,o(p;S ,„), 

n = 0, 1, ...n max } 

forms a complete orthogonalized system in L 2 (0,Rc)- 
The same results we obtain for the case ( = —n/2. 
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3.6.14 |#|<tt/2 

Now we consider the case \9\ < n/2. 

In this case, we can represent cr'g(E) in the form 

°'- {E) = - Im Mkw) • = AW + tanC ' 

> (1 + 4R c g)/ Rc/ In this case, we have 

aQe{tj) - vr [Uo(E) cos6 + sm9} 2 + V 2 (E) cos 2 £ " Po ^ j - 
The spectrum of h g is simple and continuous, spec/i e = [(1 + ^Rc9) I Rlji °o). 

w = 1 + 4_R c g + A, A ~ In this case, we have 

-2 V / ^/2 + z/ + 0(A), g> 
a 1 = l/2+<( 2 v g = 

V^M/2 + z/ + 0(A),, £<0 



?v / ^/2 + z/ + 0(A), s>0 
A = 1/2 + < 0, flf = 

V^7H/2 + z/ + 0(A),, £<0 

A direct estimation gives 

O(VA), 9 = 9okOi g ok , 9 ^ 9 
0(1/ y, 
0, A < 



where tan# = —fo\o — — /o(£')Ia=o- Note that the discrete level with E — (1 + AR c g)R 2 c 
is absent. 

-E 1 < (1 + 4:R c g)/Rc In this case, we have Imz/| H/=£; = 0, v\ w=E > 0, 

«i = 1/2 + v — iy/w — 1/4, /?! = «T, u> > 1, 

ai = 1/2 + v + y/l-w/4, /3 1 = l/2 + v- Vl-w/A, w < 1. 

Thus, we have: the function [/^(-EO] -1 is real except the points E 0n (9), 

foe(E 0n (e)) = 0, (3.27) 

such that we obtain 

°oe( E ) = Y] Qoe,J( E - E 0n (9)), Qoe,n = , === -, 

„tv y/d E f g{E on (9)) cos 9 

d E f (E) > 0, 

where Ao is a subset of Z to be described below. Furthermore, we find 

d e E 0n (9) = -[d E f (E 0n (9))co S 2 9]- 1 < 0. 
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9 > 9o,o — —^-/Rc In this case, the function fo(E) has the properties: fo(E) — > -co 
as £ -)• -oo; f (E) -> / | - = -tan# - as E ->• (1 + AR c g)R 2 c - 0;.f (E) increases 
monotonocally on the interval (— oo, (l + 4i?cp)i2p). Then we find: in the interval (— oo, (1 + 
4Rcg)R"c), for any fixed 9 G (9o.tt/2), there is one level Eq_\{9) which run monotonocally 
from — oo to (1 + 4Rcg)R"c ~ as 9 run from 7r/2 — to 9q + 0; there are no discrete levels 
on the interval (— oo, (1 + 4Rcg)Rc) f° r # £ ( — 7r /2,6 l o). Formally, eq. ( 13. 2 7ft has solution 
£■0,-1(^0) — (1 + ^Rcg)Rc f° r ^ = ^o- However, as was noted above, such levels are absent 
We find also 

{-1}, 9e (0o,vr/2) 

0, e (-7T/2, O ] ' 



A/" = A/" _i 



Po.fc+i < g < 9o,k+ii \/R~cM\ — l/2 + k + 5, < 5 < 1, G Z + In this case, the function 
/o(-E') has the properties: fo(E) — > —00 as E — > —00; /(£ n=t0) = =Foo n — 0, 1, n max = fc; 
/o(.E) -»■ /o|o(£) - = -tan^o - as E -> (1 + AR c g)/R 2 c - 0. We find: in each interval 
(£on-i> £an), n — 0,...,k (we set £0,-1 — — 00), for any fixed 9 G (— 7r/2, 7r/2), there is one 
level Eo n (9) which run monotonocally from £ n _i + to £ n — as ( run from tt/2 — to 
-7r/2 + 0; in the interval (1 + 4Rcg)Rc), for any fixed G (6*o,vr/2), there is one level 
E k+i{9) which run monotonocally from £k + to (1 + ARcg)R% — as £ run from 7r/2 — to 
6*0 + 0; thare are no levels in the interval (1 + AR c g) / R%) for G (— tt/2, 9 ). Formally, 
eq. (I3.22p has solution -Eo,fc+i($o) = (1 + 4R c g)/Rc for 9 = 9 . However, as was noted 
above, such levels are absent.. We find also 



{0,1,.., k}, 9e(-n/2,9 ] 
{0,1, ..,& + !}, Ce (e , tt/2) 



Finally, we obtain. The spectrum of h g is simple and spech oe = [(1 + 4R c g)/ Rq, 00) U 
{E 0n (9), n G Ao}. The set of functions 

{Uoo,e(j>) = Q e(E)U oe (p; E), E > (1 + AR c g)/R 2 c ; U oe , n (p) = Q e, n U oe (p; E Q0 ((), ), n G M,} 
forms a complete orthogonalized system in L 2 (0, -Rc)- 

4 Conclusions 

As we found, two dimensional oscillator and coulomb problems on pseudoshpere are described 
by the same equations in terms of the variables a and This means that each point of the 
spectra of one of these theories corresponds a point of the spectra of the other theory, i.e. 
there is one-to-one correspondence between points of the the planes Eo, A and Ec,g- 
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